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Abstract 

We review various K-theory classification conjectures in string theory. Sen conjecture 
based proposals classify D-brane trajectories in backgrounds with no H flux, while 
Freed-Witten anomaly based proposals classify conserved RR charges and magnetic 
RR fluxes in topologically time-independent backgrounds. In exactly solvable CFTs 
a classification of well-defined boundary states implies that there are branes repre- 
senting every twisted K-theory class. Some of these proposals fail to respect the 
self-duality of the RR fields in the democratic formulation of type II supergravity and 
none respect S-duality in type IIB string theory. We discuss two applications. The 
twisted K-theory classification has led to a conjecture for the topology of the T-dual 
of any configuration. In the Klebanov-Strassler geometry twisted K-theory classifies 
universality classes of baryonic vacua. 
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1 Introduction 



In 1997 Minasian and Moore suggested that Ramond-Ramond charges in type II 
string theories are classified by K-theory which is a group that characterizes 
the complex vector bundles on a given spacetime. Ramond-Ramond (RR) fiuxes 
are sourced by RR charges, in the same way that the magnetic field is sourced by 
magnetic monopoles in QED. In QED the well-definedness of the partition function 
of the dual electric charges implies that the magnetic field is quantized. Combining 
this quantization condition with Gauss' Law one finds that magnetic charge cannot 
be smeared at will but must instead be localized on a codimension three surface in 
spacetime, which is the trajectory of a magnetic monopole. Similarly in type II string 
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theory the well-definedness of the partition function of dual RR charges, which are 
also RR charges, imposes that the RR field strengths are quantized. This in turn 
implies that RR sources are localized on submanifolds, which are called D-branes. 
And so Minasian and Moore's conjecture is that D-brane configurations are classified 
by K-theory. 

Since 1997 many versions of this conjecture have appeared, classifying various 
features of D-brane configurations in terms of different K-theories on distinct sub- 
spaces. Some use the K-theory of the spacetime, some use the K-theory of a spatial 
slice, some use relative K-theory. In these lectures we will review several of these 
proposals, their physical motivations, and their ranges of validity. 

We begin in Sec. |21with the older, homology classification of D-branes. In Sec. El 
we provide some background material on charges and fluxes in type II supergravity 
theories and explain why the homology classification fails. 

Finally we come to K-theory in Sec. lU We first describe Witten's proposal [2j 
for a classification of D-brane trajectories in type IIB string theory. This classifica- 
tion scheme is a consequence of the Sen conjecture 0, which states that all D-brane 
configurations in type IIB can be realized as gauge field configurations on a stack 
of spacefilling branes. Distinct D-brane trajectories are identified if they are related 
by tachyon condensation. Here tachyon condensation is not interpreted as a physical 
process, as it relates different trajectories and not states on different time slices. In- 
stead in concrete realizations, configurations before and after tachyon condensation 
are related by an RG flow. Thus K-theory classifies universality classes of the theories 
which are described by various vacua of the UV theory. While this physical interpre- 
tation of the K-theory classification conjecture is perhaps the most popular to date, 
its range of validity is limited. For example, spacefilling branes are inconsistent in 
backgrounds with nontrivial H flux |^ . In addition the spacetime is taken to be com- 
pact, but then in the case of nontorsion K-theory classes, which are the branes that 
continue to be stable in the classical limit, there is the usual problem that the sourced 
fluxes have nowhere to go and so no corresponding supergravity solution exists. 

Instead of classifying D-brane trajectories, many authors use K-theory to clas- 
sify D-brane charges at a fixed moment in time. The first were Moore and Witten 
12] , who used relative K-theory to classify the charges on a noncompact spatial slice. 
Diaconescu, Moore and Witten [0] found that some D-branes which wrap nontrivial 
homology cycles but carry no K-theory charge can decay. This violation of D-brane 
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charge conservation is a result of the Freed- Witten anomaly, which we describe in 
Sec. El As we will review in Sec. using this idea Maldacena, Moore and Seiberg [Zj 
(MMS) were able to interpret the K-theory classification as a classification of stable 
D-branes, in other words, they argue that K-theory classifies the set of conserved 
RR charges. The naive group of conserved charges, the homology of a spatial slice, 
contains charges whose conservation is violated by the Freed- Witten anomaly. MMS 
were therefore able to use the Freed- Witten anomaly to test the K-theory classifi- 
cation in several cases, some of which will be reviewed in Sec. This strategy has 
an advantage over the tachyon condensation strategy in that it can be extended to 
configurations with nontrivial H flux, where one finds twisted K-theory jH]. Ramond- 
Ramond fluxes are sourced by D-branes, and so Moore and Witten argued [Hj that 
these fluxes should also be classifled by twisted K-theory. 

The above classiflcation schemes suffer from two major shortcomings, which are 
the subject of section |H1 The flrst is that in the democratic formulation of type II 
supergravity jHl CHI HI] the set of Ramond-Ramond fleld strengths is self-dual. More 
precisely, the p-form RR improved fleld strength is the Hodge dual of the (10 — p)- 
form improved fleld strength. The Hodge duality operator, which is called the Hodge 
star, is a matrix which depends continuously on the metric and so its components 
are in general irrational. However according to the K-theory classiflcation, the RR 
fleld strengths are Chern characters which are rational. Therefore the Hodge dual of 
a rational fleld strength component is an irrational number, which is in contradiction 
with the fact that RR fleld strengths should be rational. The solution to this problem 
is to choose half of the fleld strengths to be interpreted by K-theory, and to let the 
other half not be quantized. This is the way in which, for example, the chiral scalar 
fleld theory is deflned. When the topology of each spatial slice of spacetime is time- 
independent there is a natural choice of a half of the flelds to be classifled by K- 
theory, one can choose the magnetic half. The cure to the second shortcoming is still 
unknown. We will see that all of the schemes relevant to type IIB superstrings suffer 
from a lack S-duality covariance, and so must at some level fail. 

Twisted K-theory also classifles branes in some string theories besides type II. 
The twisted K-theory classiflcation of D-branes in WZW models is already well es- 
tablished. Recently Moore and Segal ^2] have also found a K-theory classiflcation of 
branes in the target space of some simple 2-dimensional topological gauge theories, 
although the conjecture for A and B model topological string theory branes and pure 
spinors has not yet formally appeared. 
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Finally in sectionElwe will describe two applications of the K-theory classification. 
First, we will see how it led to a formula for the topology of the T-dual of any 
spacetime. Next we will calculate the twisted K-theory of the Klebanov-Strassler 
geometry and find that the S-dual twisted K-classes correspond to universality classes 
of worldvolume gauge theories on D-branes. 

2 Warmup: The Homology Classification 

In these lectures we will review some of the most common K-theory classification 
schemes. We begin with an older classification scheme, the homology classification of 
D-branes, which is still widely used in the literature despite the fact that it includes 
some unphysical and some unstable branes. The failure of this scheme to reproduce 
the known gauge theory operators in the case of D-branes on AdS^ x MP^ was observed 
by Witten in and led to the discovery of the Freed- Witten anomaly ^1], which 
is the basis of the modern understanding of the K-theory classification scheme that 
will be discussed in Sec. EI 

Like the K-theory classification of D-branes, there are many variations of the 
homology classification scheme, some of which classify D-brane charges, some of which 
classify D-brane trajectories and some of which classify RR fluxes, which are the fields 
sourced by D-branes. For concreteness we will restrict our attention to the homology 
classification of D-brane charges. In particular, we will consider type II string theory 
on a spacetime whose topology is of the form M x M where M is the time direction 
and M is a compact 9-manifold. Notice that this choice implies that the topology 
of each spatial slice M is time- independent, and so we are not allowing processes in 
which the topology of spacetime changes. However the metric of M is allowed to 
change, so the universe can be expanding for example. Thus eternal inflation may be 
allowed, but a big bang which starts with the universe at a point is not contained in 
our ansatz. A big bang would be allowed in a classification of D-brane trajectories, 
for example in the K-theoretic classification scheme presented in Sec. |3] 

We will not consider S-branes, as the full spectrum of D-brane charges is carried 
by ordinary D-branes. It will instead suffice to consider Dp-branes that extend along 
the time direction and also wrap a p-dimensional submanifold of the 9-manifold M. 
Each D]9-brane will then carry a charge which depends on the cycle that is wrapped. 
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2.1 The Homotopy Classification 



Following the basic strategy of |7 , we are interested in classifying charges that satisfy 
two conditions. First, we impose that some Dp-brane that carries the charge be 
consistent. In the case of the homology classification it suffices to impose that the 
brane has no boundary, and so the wrapped p-submanifold has no boundary, p- 
submanifolds without boundaries are called p-cycles. Second, we impose that the 
charge is conserved. This implies, for example, that two p-cycles which are related 
by a small, continuous deformation should correspond to the same charge, since a 
D-brane wrapping one could move to the other and so while the number of branes 
wrapping either cycle individually is not conserved by this process the sum of these 
numbers is conserved. Thus Dp-brane charges appear to be classified by p-cycles 
where two p-cycles correspond to the same charge if one can be deformed to another. 
Such cycles are said to be homotopic, and this set of charges is called the set of 
homotopy classes of p-cycles. 

In fact we know that the charges corresponding to homotopy classes of p-cycles 
are not always conserved. Consider a simplified case in which M is the product of a 7- 
manifold and a 2-manifold. Let the 2-manifold be the Riemann surface S2 of genus 2 
and ignore the 7-manifold. We can wrap a Dl-brane around any loop on the Riemann 
surface. In particular, we can wrap a Dl-brane around the red loop in the center of 
Figure H The homotopy classes of loops on the genus 2 Riemann surface are elements 
of a nonabelian group called the fundamental group of the surface. The fundamental 
group is generated by four elements Ai, A2, Bi and B2 which satisfy a single relation: 
the product AiBiA^^ B^^ A2B2A2^ is equal to the identity element 

7ri(S2) =< A,,A2,B,,B2\A,B,A^'B^'A2B2A2'B2' = 1 > . (2.1) 

The loop in Figure C] represents the nontrivial element AiBiA^^B^^ of the fun- 
damental group. Nonetheless, a brane wrapping this loop does not carry a conserved 
charge because it can decay via the following process. At each moment in time, the 
brane can move a little to the right. Once it reaches the handle it will need to divide 
into two loops, one wrapping A2 with each orientation. Then, further into the future, 
once they have passed the handle completely, the two loops will coalesce and the 
brane will wrap a contractible loop on the right hand side. This loop will then shrink 
into nothingness and the brane will decay. 

Thus branes wrapping some nontrivial homotopy classes do not carry conserved 
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Figure 1: Loops on the genus 2 Riemann surface. A Dl-brane wrapping the red 
loop in the middle can decay by moving steadily to the right, but it will need to 
split into two loops wrapping A2 with opposite orientations to pass the handle, which 
then rejoin once the handle has been passed. After the rejoining the brane wraps a 
contractible cycle and it can shrink into nothingness. The nontrivial homotopy charge 
of the brane is not conserved by this process. 

charges because the branes can decay after some processes in which they change their 
topology, like the splitting of one loop into two which then coalesce that occurs in 
this example. To obtain a classification of conserved charges, one must identify the 
unstable brane charges with the zero element of the charge group. Unstable branes, at 
least Dp-branes that can decay via the above process, are those which wrap p-cycles 
that are boundaries of (p+l)-dimensional submanifolds of M. The (p+l)-dimensional 
submanifold is the space swept out by the decaying brane, for example the right hand 
side of the Riemann surface M is a 2-dimensional submanifold of M. The group of 
p-cycles modulo cycles which are boundaries of {p + l)-submanifolds is called the pth 
homology group of M, and is often denoted Hp(M). 

2.2 The Homology Classification 

In the above example, Dl-branes are classified by the first homology group of the 
genus 2 Riemann surface, which is 



Hi(S2) =Z^ 
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the additive group of quadruples of integers. This is an abehan group which is gen- 
erated by the same generators Ai,A2,Bi and B2 as the homotopy group. In the 
abehan group, the element AiBiAi^B^^ is trivial, as the Ai and Bi commute and 
so the Ai can be moved one space to the right where it annihilates its inverse. Thus 
the Dl-brane wrapping the cycle in Figure ^ represents the trivial element of Hi(M) 
and so carries no conserved homology charge, which is consistent with the fact that 
it can decay. 

On any manifold, homology groups are finitely generated abelian groups. This 
means that they can always be written as the sum of copies of the integers and copies 
of the integers modulo powers of a prime number 

Hp(M) = Z^-©,Z^.,. (2.3) 

The number bp of powers of the integers that appears in the pth homology class is 
called the pth Betti number. The second term, which is a sum of finite order cyclic 
groups, is said to be the torsion part of the homology group, while the ll'p term is 
called the free part. In the case of the genus 2 Riemann surface we have seen that 
the 1st Betti number is equal to 4, meaning that Dl-branes on this surface can carry 
four distinct kinds of conserved charges, all of which are quantized. 

None of the homology groups of a Riemann surface contains a torsion part. One 
example of a manifold with a torsion part is the three-dimensional real projective 
space MP'^, which is the quotient of the 3-sphere by the antipodal map, which 
generates a Z2 symmetry. The homology groups of MP^ are 

Ho(MP^) = Z, Hi(Mp3) = Z2, H2(MP^) = 0, H3(Rp3) = Z (2.4) 

where is the trivial group which only contains the identity element. Now we can 
use the homology classification to classify conserved charges of D-branes wrapping a 
p-cycle in M where M is the product of MP^ and an irrelevant 6-manifold. As above 
we will restrict our attention to branes that are a single point on the 6-manifold. 

The above homology classes ()2.4j) tell us that in type IIA, where there are only 
even-dimensional D-branes, the only available conserved charge is the DO-brane charge, 
which is an integer. The fact that the second homology group is the trivial group 
means that all D2-branes on MP^ can decay. On the other hand in type IIB there 
are odd-dimensional branes. D3-branes can wrap the whole of RP^ and these carry a 
conserved charge which measures the number of times that the MP^ is wrapped. The 
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new ingredient in this example is Hi = Z2, which contains the torsion term Z2. This 
means that Dl-branes on MP^ carry a Z2 torsion- valued conserved charge. Physi- 
cally, MP^ contains a single nontrivial loop which can be represented, for example, 
by a meridian that extended from the north pole to the south pole in the before 
it was quotiented by Z2. After the quotient the north and south poles are identified 
and so the meridian becomes a loop. A Dl-brane wrapping this loop a single time 
is stable. However if it wraps the loop twice, the brane is the image of a brane that 
extends from the north pole to the south pole and back on the original S^. Like any 
loop on a sphere, this loop can be contracted out of existence, and so the brane can 
decay. A brane that wraps the loop twice is the same as, or can turn into, two branes 
that wrap the loop once. Therefore a single brane wrapping the nontrivial loop in 
MP^ is stable, but if two come into contact then they can annihilate. 

More generally, if the p-th homology group contains a Z„ factor then there is an 
interaction in which n coincident Dp-branes annihilate. Such Z„-charged objects are 
familiar in gauge theories, for example in U{n) pure Yang-Mills there are Z„-charged 
strings, and in A/" = 1 supersymmetric pure Yang-Mills there are Z„-charged Douglas- 
Shenker strings ^HI- In examples these strings attach to each other and form bound 
states with a binding energy that increases for each string that is bound. When n 
strings are bound then the binding energy is equal to the total energy and all of 
the strings decay into radiation. For this reason torsion charged D-branes can never 
preserve any supersymmetry. More generally, degree n torsion cycles can never be 
calibrated because n times a calibrating cycle is a boundary and so is homologous to 
the empty set, and so if a cycle minimizes the integral of the calibrating form then 
n times the integral of the calibrating form is at most equal to the integral over the 
empty set which is equal to zero. However the homology classification indicates that 
D-branes wrapping torsion cycles may nonetheless be stable. Thus the homology 
classification is in a sense more powerful than a classification of conserved charges 
based on supersymmetry, because there exist conserved homology charges which are 
carried by objects which are stable but are never BPS. 

2.3 Generalizations: Other Coefficients and Cohomology 

The homology that we have discussed so far is a particular kind of homology, known as 
homology with integer coefficients or simply as integral homology. Representatives of 
integral homology classes are not precisely submanifolds for two reasons. First, they 
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are sometimes singular, as we will discuss further in subsection 15.11 A homology class 
whose representatives are all singular is said to be nonrepresentable. On a manifold 
of dimension nine or less every homology cycle is represent able, and so in the classifi- 
cation of conserved D-brane charges we can think of homology classes as nonsingular 
submanifolds. However in 10-dimensions there can be nonrepresentable 7-dimension 
homology classes, although some multiple of the cycle is always represent able. Thus 
later when we classify D-brane trajectories, in particular the 7-dimensional surfaces 
swept out by D6-branes in IIA, and also when we look at WZW models, which can 
have arbitrarily large dimensions, this distinction will play a role. D-brane physics 
on nonrepresentable cycles is poorly understood, and we will see that the K-theory 
classification makes concrete predictions as to which singular submanifolds can be 
wrapped and which cannot. 

The second difference between an integral homology class and a submanifold is 
that integral homology classes come with weights, which are integers. When the 
weights are positive they can be thought of intuitively as winding numbers of the 
submanifold around some cycle, but the weights can also be negative. These weights 
are the charges, thus negative weights can be thought of as winding numbers for 
anti D-branes. So a homology class contains a little more information than just the 
submanifold which is wrapped, it also contains integers which are the charges of the 
objects doing the wrapping. 

In quantum gauge theories the charges are integers because of the Dirac quanti- 
zation condition. However there are other physical theories in which the charges are 
not integers. For example, in the classical Maxwell theory electric charges are real 
numbers. Thus charges in classical electrodynamics are not of the form ()2.3p and so 
are not classified by integral homology. More generally, in the classical supergravity 
limit of a superstring theory there is no Dirac quantization condition and so charges 
are not classified by integral homology. 

There is another kind of homology, called real homology or homology with real 
coefficients, that does classify p-branes in supergravity. The term "real coefficients" 
means that real homology classes are submanifolds weighted by real numbers. In 
general one can define homology with coefficients valued in any abelian group G. 
When we want the choice of abelian group to be explicit, we will write 

Hp(M;G') (2.5) 

for the pth homology of M with coefficients in G. This is always the quotient of the 
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kernel of the boundary map with coefficients in G by its image with coefficients in 
G. Thus it will always be a quotient of a subgroup of some copies of G by another 
subgroup of some copies of G. 

One can obtain real homology from integral homology by tensoring with the real 
numbers, which kills the torsion part but leaves the Betti numbers hp invariant 

Hp(M; M) = Hp(M; Z) ® M = {l}^ Z ^ J ® M = R''^ (2.6) 

Thus torsion charged D-branes are unstable in the classical limit. Physically their 
decay process is easy to understand. If a Dp-brane is of charge one under a group 

Hp(M; Z) = Z„ (2.7) 

then in the quantum theory it is absolutely stable, as it wraps a noncontractible cycle 
and it cannot split into smaller pieces as its charge, one, is defined to be the lowest 
charge compatible with the Dirac quantization condition. 

However in the classical theory there is no Dirac quantization condition and so 
without even moving it can divide into n branes of charge 1/n that wrap the same 
cycle. These branes can then reattach in a different way, again without moving, to 
form one brane of charge 1/n that wraps the cycle n times. However the fact that 
the homology is Z„ means that a submanifold which wraps the generator n times 
is the trivial element of homology and so can be deformed, maybe after nucleating 
some other branes as we saw on the Riemann surface, into nothingness. Thus the 
long charge 1/n classical brane may decay. The fact that all p-branes are unstable in 
this background reflects the triviality of the real homology group 

Hp(M; M) = Hp(M; Z)®M = Z„(g)M = (2.8) 

where is the group consisting of only the identity element, which corresponds to 
zero charge. 

Similarly in the classical theory every p-brane can be considered to wrap a repre- 
sentable cycle. This is because for every nonrepresentable cycle there is some multiple 
N of the cycle which is representable. One can then divide the charge of the classical 
p-brane by and declare that it wraps the cycle times. A small deformation then 
makes the brane honestly wrap a nonsingular cycle. 

In general the relationship between homology groups with different coefficients is 
not so simple as in Eq. ()2.6|) . Homology groups with different coefficients are related 
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by a mathematical structure which is called an exact sequence of abelian groups, or 
simply an exact sequence. An exact sequence consists of a series of abelian groups Gi 
indexed by an integer i G Z with homomorphisms 

fi-.Gi^ (2.9) 

such that the image of each homomorphism is the kernel of the next 

Im(/, : G.+i) = Ker(/,+i : G^+i ^ G.+s). (2.10) 

An exact sequence is usually represented by a list of groups separated by arrows with 
the functions over the arrows 

... ^ G, ^ ^ G,+2 ^ .... (2.11) 

If all of the abelian groups are the trivial group except for three consecutive 
groups 

^ Go ^ Gi ^ G2 ^ (2.12) 

then one calls the sequence a short exact sequence. In this case is the zero map, 
whose image is 0. Exactness implies that /o is into and that /i is onto. Thus elements 
of Gi are roughly pairs of elements from Gq and G2, but the additive structures are 
mixed. An example of a short exact sequence is 

O^Z^M^t/(l) ^0 (2.13) 

where x27r : Z — > R is multiplication by 27r and exp : M — > U{1) is the exponential 
map r \—>- e*''. The kernel of the exponential map consists of all multiples of 2tt, which 
is the image of the previous map and so the sequence is exact. 

Short exact sequences will be useful for us because given any short exact sequence 
of abelian groups ()2.12j) one can construct a long exact sequence of homology groups 
which have those groups as coefficients. In what follows we will be interested less 
in homology groups than in cohomology groups, which are like homology groups but 
one replaces the boundary map with its transpose which is called the coboundary 
map. Weighted submanifolds which are closed under the coboundary are called co- 
cycles while those in the image of the coboundary map are called cochains. The 
pth cohomology group IP is then defined to be the quotient of the p-cocycles by the 
p-cochains. When the n-dimensional space M is orientable, as it always is in type 
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II string theory compactifications, there is a theorem called Poincare duality which 
states that the pth homology and {n — p)th cohomology groups are isomorphic 

Hp(M; G) = H"-^'(M; G). (2.14) 

A short exact sequence of abelian groups also induces a long exact sequence of co- 
homology groups, which we will use in Subsec. l531 when discussing the Freed- Witten 
anomaly. 

Like homology groups, cohomology groups also may be defined using any abelian 
group of coefficients. When one uses real coefficients the elements may be represented 
by differential forms and they generate a ring whose product is the wedge product A 
of differential forms. 

In a quantized quantum theory instead one uses integral cohomology classes, which 
in general cannot be represented by differential forms of a single degree. Instead a 
degree p class can be represented by a collection of differential forms, one in each 
degree between and p, with a series of gauge equivalence relations. In the mathe- 
matics literature this collection is called a Deligne cohomology class, named after a 
ULB graduate. Physically the collection of forms corresponds to the tower of ghosts 
of ghosts familiar in the quantization of p-form electrodynamics. Integral cohomology 
is also a ring and the product is known as the cup product U. However for simplicity 
in the sequel we will often abuse the notation and pretend that integral classes are 
represented by differential forms and write the wedge product A instead of the cup 
product. 

3 Fluxes and World volume Actions 

3.1 The Failure of the Homology Classification 

The homology classification of D-branes has met with a great deal of success. However 
in general it suffers from a number of shortcomings. First, some homology cycles 
cannot be represented by any smooth submanifold and so any brane carrying such 
a homology charge would necessarily have a singularity, even if the spacetime is 
nonsingular. D-branes wrapped on such cycles were first considered in Ref. PH] in 
a study of the Freed- Witten anomaly and later in Ref. jTTj in the context of the K- 
theory classification. It was argued that sometimes, but not always, such wrappings 
are inconsistent in Ref. |18j . 
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When M is 9-dimensional or less, as is the case in the classification of conserved 
charges in critical string theories considered above, all homology classes can be rep- 
resented by smooth submanifolds. But it may still be that a brane wrapping such 
a submanifold is necessarily anomalous. Freed and Witten have found a topo- 
logical expression for this anomaly, which will be the subject of Sec. Examples of 
nontrivial homology classes such that any brane wrapping any representative of the 
class will be anomalous have appeared in, for example, Ref. Thus homology is 
too big to be the class of conserved charges, because in general it contains charges 
that cannot be realized by any physical branes. Such classes need to be removed. 

In addition to containing unrealizable charges, homology also contains charges 
that are not conserved. In Ref. ^ it was argued that sometimes a brane wrapping a 
nontrivial homology cycle can nonetheless decay. Such classes of unstable branes need 
to be quotiented out of homology to arrive at a classification of conserved charges. 
Thus the real group of conserved charges is equal to homology, minus the unphysical 
branes, quotiented by the unstable branes. In Section IHl we will review the argument 
of Ref. jTj that this prescription leads one precisely to twisted K-theory. In Section |H1 
we will then argue that yet more unphysical branes need to be removed and more 
unstable branes need to be quotiented, which leaves one with an as of yet unidentified 
mathematical structure. 

One may now wonder why the homology classification has been so successful. Part 
of the reason is that, in the absence of the topologically nontrivial fluxes which lead 
to twisting, homology and K-theory and the unidentified structure are still unequal. 
However they can all be expressed as the sum of a free part, which is a sum of copies 
of the integers, and a torsion part, which is a sum of finite cyclic groups. Homology 
is so successful because the free parts of all of these structures are isomorphic, only 
the torsion parts differ. Recall that the charges of BPS states are always elements of 
the free part of the charge group, this is true not only for homology but for K-theory 
as well. Therefore in the absence of nontrivial fluxes the homology classification 
correctly identifies the free conserved charges, and so classifies all of the BPS states. 

The first hint of the failure of the homology classification scheme came from the 
study of the charges of D-branes embedded in the worldvolumes of higher dimen- 
sional D-branes, which were calculated by demanding a cancellation of worldvolume 
anomalies on intersecting branes. To explain this development, we will begin with a 
short review of D-brane charges. 
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3.2 D-brane Charges and RR Fields 



D-brane charges, like the charges of electrons in QED, measure the coupling of a 
D-brane to a gauge potential. Field configurations in QED are described by a 2-form 
field strength F, which in the absence of magnetic monopoles is closed. The closure 
of F ensures that locally one can introduce a one-form A, called the vector potential, 
such that F is the exterior derivative of A. The electric coupling e of an electron to 
the field F is defined by the topological term of the worldline action of an electron 

S = e f A, F = dA (3.1) 

where 7 is the electron's worldline. This coupling leads to the celebrated Berry's 
phase in the electron's wave function e*"^/^. 

In the democratic formulation El E] of type II supergravity, Dp-branes cou- 
ple not to two-form field strengths, but to {p + 2)-form field strengths Gp+2 which 
are called Ramond-Ramond (RR) field strengths or sometimes improved RR field 
strengths. In the case p = the Dp-brane is a particle and, like an electron, it cou- 
ples to a two-form G2. When the NSNS 3- form field strength, which is called the 
H flux, vanishes, the RR field strengths are closed. Again this implies that locally 
one can introduce a gauge potential, this time a (p + l)-form Cp+i, whose exterior 
derivative is the field strength. One can then define the D-brane's coupling to the RR 
field strength to be the coefficient k in the following term in its worldvolume action 

S D k Cp+i, Gp+2 = dCp+i (3.2) 
Jn 

where N is the [p + l)-dimensional worldvolume of the Dp-brane. 

While only the above term calculates the Dp-brane's RR charge k, there are three 
physical effects in type II string theories with no analogue in QED which add extra 
couplings to the worldvolume action beyond those in Eq. ()3.2|) . There may be a 
nontrivial H field, D-branes support gauge theories whose gauge fields couple to the 
RR fields and also D-branes couple to gravity which couples to both the RR fields 
and the gauge fields. We will consider each of these corrections in turn. 

An H fiux is a 3-form NSNS field strength H. In the absence of NSNS magnetic 
monopoles, which are called NS5-branes, H is closed dH = 0. In the presence of a 
nontrivial H fiux, the RR field strengths are no longer closed, but instead they satisfy 
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a twisted Bianchi identity 

dGp+2 + H AGp = 0. (3.3) 

Notice that the twisted Bianchi identity mixes RR field strengths which are differential 
forms of different degrees. It will be convenient to combine all of the RR fields of 
different degrees into a single polyform. In type IIA supergravity, the classical limit 
of IIA string theory, all of the RR field strengths are of even degree, whereas they are 
all of odd degree in type IIB. Therefore in type IIA or IIB we can add all of the RR 
field strengths together in one even or odd polyform G, which satisfies the Bianchi 
identity 

{d + HA)G = 0. (3.4) 

As in QED, one may introduce magnetic monopoles that are defined to be sources for 
violations of the Bianchi identity, in type II supergravity these sources are p-branes. 

The inclusion of an H fiux had the effect of changing the operator in the Bianchi 
identity from the exterior derivative d to the twisted exterior derivative {d + HA). 
The closedness of H guarantees that the twisted exterior derivative is still nilpotent. 
To see this, note that for any polyform u 

{d + HA){d + HA)uj = d^to + d{H A to) + H A dcu + H A H A to (3.5) 

= + (dH) Au-HAdu + HAdu + = + + = 

where d'^u vanishes because d is nilpotent, dH vanishes because H is closed and 
H A H vanishes because H is an odd form. The nilpotence of {d + HA) means that 
any (c/ + iifA)-closed form is locally {d + HA) -exact. In other words, we can introduce 
a polyform G on each open patch such that 

G={d + HA)G. (3.6) 

The terms of G are the RR gauge potentials Cp+i, which are odd differential forms 
in IIA and even forms in IIB. It is these gauge potentials which define the Dp-brane 
charge Eq. ()3.2p in the presence of H fiux. 

The condition Eq. ()3.6|) does not define the gauge potentials G uniquely. Instead, 
analogously to the condition F = dA in QED, the gauge potentials are only deter- 
mined up to gauge transformations. In this case one may add any {d + iJA)-closed 
polyform $ to C and obtain another solution to (j3.6|l 

G — yG + <!>, {d + HA)^ = 0. (3.7) 
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This means that the D-brane worldvolume action is in turn not well-defined. Fortu- 
nately, the action of a configuration is not an observable, the quantity which needs to 
be well-defined is the path integral measure e*'^, which implies that the action must 
be well-defined up to a shift of an integral multiple of 27r. 

The fact that C is not uniquely defined is not so surprising. After all, the closed- 
ness of G only implied that C exists on contractible patches. Thus we may consider 
different solutions C of ()3.6|) to correspond to values of C on different contractible 
patches. Consider now a (p -|- l)-dimensional worldvolume that lies in a single 
contractible patch. Then inside the patch there exists a (p + 2)-manifold X whose 
boundary is A^. We may then use Stoke's theorem to recast ()3.2|) as an integral on X 

SDk [ dCp+i. (3.8) 
Jx 

The polyform dC is sometimes called the unimproved field strength. 

When the H fiux is nontrivial it may not seem like this expression is much of an 
improvement on ()3.2p . because dCp+i is still not gauge-invariant. Using Eq. ()3.7|) we 
see that it is subject to the gauge transformations 

dCp+i — > dCp+i + d^p = dCp+i -HA <l>p_2 (3.9) 

where we have used the {d + HA) closure of $. Notice that the shift in dCp+i is a 
closed form because 

- d{H A $p_2) = H A d%^2 = -H AH A $p_4 = A $p_4 = (3.10) 
so after the gauge transformation ()3.7|1 dCp+i remains closed. 

3.3 The Dirac Quantization Condition 

Now we are ready to ask whether the path integral measure e*'^ is really invariant 
under the gauge transformations ()3.7|) . The answer is no. Even if all of spacetime is 
contractible, so that there is only a single patch and even if if = then if the integral 
of $ over A^ is not a multiple of 27r it will change the phase of the measure. This phase 
generalizes the Wilson loop in QED. It is an observable in the sense that two different 
trajectories can interfere with each other, and the total wave function depends on the 
relative phases of the wave functions at coincident points. This relative phase is the 
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Berry's phase, and it is a new observable in the quantum theory that is not captured 
by G and so it does not exist in the classical supergravity. Thus the path integral 
measure need not be entirely determined by G as there are other observables available. 

However all of the observables are invariant under integer shifts in the integral of 
A;$ over a closed surface, which are called large gauge transformations. Thus we still 
need to check that e**^ is invariant under large gauge transformations. Large gauge 
transformations may be transition functions between patches and so it remains to 
check that the measure is the same when calculated on two different patches, in other 
words, it must be independent of the choice of X. 

To this end, let us choose a different manifold, F, such that the boundary of Y 
is again A^, but this time with the opposite orientation. In particular let us assume 
that the union of X and F is a smooth manifold without boundary. Then we can use 
Stoke's theorem to rewrite the action ()3.2|1 as 

S^-k J dCp+i (3.11) 

and demand that this expression for S give the same measure as ()3.8|) . The measures 
e*'^ will be equal if the actions differ by 27r times an integer. Therefore we demand 

k / dCp+i - {-k I dCp+i) = k I dCp+i G 2tiZ. (3.12) 
Jx Jy Jxuy 

X UY can be any closed submanifold, and so we need to demand that the product 
of the D-brane charge k and the flux dCp^i over any closed manifold be integral. 

One might worry that this condition is ill-defined, because dCp^i is only defined 
patchwise, as it enjoys the gauge transformations ()3.9|) . One would be right. Fortu- 
nately branes may only wrap those cycles on which the integral of H is zero, so that 
H is exact 

H = dB. (3.13) 

On these cycles the transition functions are topologically trivial and so one may 
simultaneously define dC on X and Y with no transition function and thus render 
()3.12|) well-defined. Now that the term ()3.12|) is well-defined, we need to understand 
when it is integral. 

There is only one way to ensure that k J dCp^i/2'K is always integral, one needs to 
quantize the RR charge k. Let us define our units such that the smallest quantity of 
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charge allowed is a single unit k = 1. Then the well-definedness of the path integral 
measure implies that 



integrated over any cycle. This is the Dirac quantization condition for RR fluxes, and 
we have seen that we also need to quantize the RR charges k carried by D-branes. 
Roughly speaking the quantization condition implies that RR field strengths, in par- 
ticular the unimproved RR field strengths dC, are classified by integral cohomology. 
However one needs to bear in mind the caveat that we have only been able to define 
dC on those cycles on which the pullback of H is exact. This is a major shortcom- 
ing of the cohomology classification of RR fields, but is automatic in the K-theoretic 
interpretation. 

The quantization condition was already implied in the previous section when we 
classified D-brane charges by finitely generated abelian groups. In classical super- 
gravity, where there is no quantization condition, RR charges instead are classified 
by n-tuples of real numbers called real homology classes. In the quantum theory 
instead only integral classes are allowed. However this does not mean that for each 
real-valued charge in the classical theory there is a single integer-valued charge in the 
quantum theory. In fact, we have seen that the integral homology classes that classify 
D-branes also contain extra torsion charges, which were nontrivial in the example of 
string theory on MP^. 

3.4 Gauge and Gravitational Couplings 

Finally we are ready to discuss the worldvolume gauge bundle, which is often called 
the Chan-Paton gauge bundle. A D-brane of charge k, which may alternately be 
thought of as a stack of k coincident D-brancs, is a place where open strings can 
end. Quantizing these open strings one finds, among other massless modes, gluons 
that transform under a U{k) gauge symmetry. Notice that the quantization of D- 
brane charge in the quantum theory is critical, as the rank of the gauge group must 
be integral. Configurations of the gluon field in a U{k) gauge theory describe a 
geometrical object which is called a U{k) gauge bundle E. The gauge bundle E is a 
vector bundle which consists of a copy of the complex vector space C'^' at each point 
on the worldvolume of a stack of k Dp-brancs. 

While a Dp-brane couples to the {p+ l)-form RR gauge potential Cp+i, the gauge 




(3.14) 
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fields on the D-brane's worldvolume couple to the lower dimensional RR forms. Given 
any gauge field configuration one can determine a gauge bundle E, and the informa- 
tion of the bundle is partially characterized by an even- dimensional polyform called 
the total Chern character ch{E). Different degree forms in the Chern character have 
different physical interpretations. For example, the 0-form part, which is called the 
0th Chern character cho{E) is a constant integer which is just the rank of the gauge 
group k. The next lowest dimensional component, the 2-form which is called the 1st 
Chern character chi{E) is the trace of the gauge field strength E. It measures, for 
example, the flux of a magnetic vortex in the gauge theory. The next component 
is a 4-form called the 2nd Chern character ch2{E), which is the trace of the gauge 
field strength squared. It roughly measures the instanton number of a gauge field 
configuration. 

The coupling to the RR fields is now easy to describe, the jth Chern character is 
a 2j-form characterizing the gauge field configuration and it couples to the RR gauge 
connection Cp+i_2j via 

[ ch{E) A C D / ikC,+, + A + '^^f A Cp_3). (3.15) 

Jn Jn 27r Svr^ 

Notice that the first term on the right hand side, the cho{E) = Tr(l) = k term, 

is the term ()3.2j) which measures the Dp-brane charge k, which is defined to be the 

strength of the coupling to Cp+i. The second term E A Cp_i instead is a coupling to 

Cp-i so it measures D(j9 — 2)-brane charge. Thus we conclude that a Dp-brane may 

carry D(p — 2) brane charge, and that this charge is equal to the trace of its gauge 

field strength divided by 27i. Intuitively, magnetic flux tubes in a Dp-brane carry 

D(p — 2)-brane charge. In fact if one dissolves a parallel D{p — 2)-brane inside of a 

Dp-brane one finds that the gauge field configuration of the worldvolume theory on 

the Dp-brane changes, a magnetic flux tube appears where the D(p — 2) was, with 

a flux equal to the D(p — 2)-brane's RR charge. Similarly D(p — 4)-branes carry 

instanton charge in the Dp-brane's worldvolume theory. 

A simple dimension-counting argument using the gauge theory kinetic term EA-kE 
shows that while one gains energy by smearing out a D(p — 2) in a Dp, and the size of 
a D(p — 4) is a modulus, it costs energy to dissolve a yet lower dimensional brane and 
so in general these tend to be ejected by the dynamics. However in this review we will 
be interested in a classification of conserved charges and rarely discuss their dynamics. 
The total charge of two D-branes is independent of whether they are separated or 
whether one is dissolved in the other, describing some nontrivial gauge configuration. 
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There are yet more couplings in the D-brane worldvolume action. Usually one 
includes the coupling of NSNS fields. Recall that the 3-form H field is everywhere 
closed, and on a D-brane worldvolume it is exact. Therefore on a worldvolume it 
can be written as the exterior derivative of a 2-form which is called the B field. 
The B field, like the other gauge potentials in string theory, is not quantized. One 
often includes the factor in the worldvolume action. This may seem disastrous, as 
its couplings appear to lead to nonquantized lower dimensional D-brane charges ^Hj • 
However these charges, or at least the nonintegral parts, are canceled by contributions 
from the action of the bulk supergravity [20j and so we will neglect them for now. 
They will play a role later when we note that, in the case of a single D-brane = 1, 
the action is invariant under gauge transformations that leave B + F constant even 
if F is not constant. 

The final couplings that we need to consider are those of the D-brane to gravity. 
Gravity couples similarly to gauge fields. Instead of using a gauge field configuration 
to determine a gauge bundle, one uses the configuration of gravitons, which determines 
the topology of the spacetime itself, to determine another vector bundle which is called 
the tangent bundle TM. This vector bundle is the direct sum of two subbundles, the 
tangent bundle to the brane TN and the normal bundle to the brane inside of M, 
which we will denote NN. Unlike the U{k) gauge bundle, whose fibers were complex 
fc-dimensional vector spaces, the fibers of the tangent bundle are 10-dimensional real 
vector spaces R^*^ while those of TN and NN are MJ'~^^ and M^"^ respectively. One 
rarely considers the Chern characters of a real vector bundle, because the odd Chern 
characters vanish being traces of odd numbers of the antisymmetric matrices that 
generate the Lie algebra of SO(A^). Thus instead of defining a form of each even 
degree 2k, real vector bundles determine a form in each degree of the form 4k. One 
common basis of these forms, which plays the role played by Chern characters in the 
case of complex vector bundles, is the set of Pontrjagin classes pk which are traces 
of degree 2k homogeneous polynomials in the curvature tensor. Just as the Chern 
character differential forms can be assembled into distinct polyforms, the total Chern 
class and the total Chern character, by weighting them differently, the Pontrjagin 
classes can be assembled into a number of distinct polyforms. Gravitational anomaly 
cancellation then determines how these polyforms couple to RR fields and to the 
worldvolume gauge field. 

It turns out that this coupling is most simply expressed in terms of a polyform 
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called the A-roof genus A. The lowest terms in the A-roof genus are 

i = i-^ + M:^ + ... (3.16) 

24 5760 ^ ^ 

where the higher order terms are forms of degree at least 12, and so will vanish in the 
10-dimensional world of critical superstrings. In fact, crucially for the success of the 
K-theory interpretation, the RR fields and gauge fields will couple not to the A-roof 
genus but to its square root 

va=l-^ + M^ + ... (3.17) 
48 23040 ^ ' 

whose wedge product with itself is the A-roof genus. 

With these ingredients, the unique coupling of RR fields and gauge fields to gravity 
which renders the measure of the path integral of the chiral fermions at the intersection 
of two branes well-defined was calculated in [T], generalizing the result in [21] which 
applied when NN is the trivial bundle. At the level of differential forms they found 



'A(TN) 

Sd I CAch{E)A " (3.18) 

V^(NN) 

where division is the inverse of the wedge product. The integral of all forms of degree 
not equal to p + 1 is defined to be zero. This is our final answer for the worldvolume 
action of a D-brane. In fact this is not the complete action, it is a collection of 
terms known as the Wess-Zumino terms, but it will suffice to determine the lower- 
dimensional D-brane charges as the other terms do not contain couplings to RR fields. 



4 K-Theory from the Sen Conjecture 

4.1 Charges and K-Theory 's Inner Product 

As we did with Eq. ()3.15|) . one may analyze the action ()3.18|) and read the charges of 
the various D-branes off of the coefficients of each RR field. This gives an expression 
for each lower-dimensional D-brane charge in terms of the gauge field of the original 
D-brane and the topology of its embedding. However, to classify D-brane charges 
in all of spacetime one would like to discuss some object which lives not on the 
worldvolume of a particular brane like the gauge bundle E and the bundles TN and 
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NN, but rather an object that hves in the bulk. In Ref. |lj the authors reexpress 
these lower D-brane charges in terms of the cohomology of the bulk spacetime, using 
the pushforward map f\ which takes the worldvolume gauge bundle to a bundle on 
all of spacetime. Here / is an embedding of the Dp-brane's worldvolume N into the 
spacetime M. 

They found that the charges with respect to all RR fields may be summarized by 
the following simple expression 

Q = ch{fiE)^A(TM) e H*(M). (4.1) 

E is a gauge bundle on the D-brane worldvolume and so its Chern character ch{E) 
is a polyform which represents a class in the de Rham cohomology of A^. However f\ E 
is a bundle on the entire spacetime M, and so its Chern character ch{f\E) represents 
a class in the cohomology of M. Also the Pontrjagin classes of the tangent bundle, 
which are the summands of the square root of the A-roof genus of TM, represent 
cohomology classes in M. Therefore the D-brane charge Q in 1)4.111 is an element of 
the cohomology of M. 

To relate the charge ()4.H) to the earlier worldvolume expression ()H.18j) Minasian 
and Moore used a version of the Grothendieck-Riemann-Roch theorem that was 
proven by Atiyah and Hirzebruch. This theorem states that the Chern character 
of the bundle /lE multiplied by the A-roof genus of the normal bundle is the class in 
H*(M) which is Poincare dual, in M, to the pushforward /* of the Poincare dual in 
A^ of the element ch{E) of }i*{N) 

ch{mA{NN) = PD|m(/*(PDU(c/i(E)))), /, : R,{N) H,(M). (4.2) 

These Poincare dualities are necessary because, unlike cohomology classes, homology 
classes pushforward naturally. The A{NN) correction is the price one must pay 
for the unnatural pushforward. It kills the denominator of Eq. ()3.18|) and combines 
with the worldvolume tangent bundle's A-roof genus to form the spacetime tangent 
bundle's A-roof genus in Eq. ()4.1|) . 

It may seem that this argument demonstrates that D-branes are classified by the 
de Rham cohomology of M. However in jl] , Minasian and Moore argued that instead 
()4.H) suggests that D-brane charges are more naturally characterized by the K-theory 
classes f\E. Before explaining why this seemed natural to Minasian and Moore, we 
will digress to describe what K-theory is and why f\E represents a K-theory class. 
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4.2 What is K-Theory? 



Recall that a complex vector bundle E over M consists of a complex vector space C'^ 
fibered over every point in M such that, on each contractible neighborhood U C M, 
the total space of the vector bundle is topologically U xC'^. These neighborhoods are 
then glued together via transition functions in U{k). Given two vector bundles E and 
F of rank j and k over the same base M, there is an easy way to add them, called the 
direct sum E®F. One simply takes the direct sum fiber by fiber of the vector spaces, 
so that the total space above U isU x 0+^^ and the transition function in U {j + k) is 
block diagonal with the j x j and k x k blocks being the original transition functions 
in E and F. 

While the direct sum provides an easy way to add vector bundles, subtraction is 
more difficult. If E and F are vector bundles, one can define their difference E-F to 
be the pair (E,F). Subtraction should in some sense be the inverse of addition, which 
motivates the following equivalence relation. If E, F and G are vector bundles then 
one identifies 

(E,F) = (EeG,FeG). (4.3) 
This intuitively corresponds to subtraction because E-E= 

E - E = (E, E) = (0 © E, © E) = - = (4.4) 

where is the trivial bundle of rank 0. One can now define addition and subtraction 
for a pair of vector bundles 

(E, F) + (E', F') = (E © E', F © F') , (E, F) - (E', F') = (E © F', F © E') . (4.5) 

With this definition of addition and subtraction, the space of pairs of bundles (E,F) 
is a group. The inverse of any element is 

-(E,F) = (F,E) (4.6) 

and the identity is (0,0). This group is called the K-theory of M, and is denoted 
K0(M). 

Now we can identify f\E with an element of the K-theory of M. It is a complex 
vector bundle on M, so it can be identified with the pair {f\E, 0). The Chern character 
of a bundle docs not contain all of the information about a bundle, and so one may 
worry that assigning charges to K-group elements really uses more information than 
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appears in the physical couphng. However the Chern character is the couphng to 
the differential form representing the RR fields. Moore and Witten have conjectured 
|H] that RR fields should also be classified by twisted K-theory, as we will review 
in Subsec. I(i.5l Thus one may suspect that since the Chern character of f\E is a 
differential form approximation of a K-class, and since the RR fields are differential 
form approximations of a K-class, perhaps the coupling expressed in Ref. ^ in terms 
of cohomology is just an approximation of a direct coupling of the K-theory. In this 
interpretation, it appears that the charge Q only knows about the Chern character, 
and not about the whole K-theory class, because of the approximation used in the 
calculation of D-brane charges which is inherent in the use of cohomology classes. 
If one had a formulation which used only K-theoretic operations from the beginning 
perhaps the charge would depend upon all of the information in the K-theory class. 

One may wonder about the presence of the A- roof genus term in the charge 1)4.11) . 
This term is independent of the choice of gauge bundle. Minasian and Moore explain 
that this term has a natural interpretation in K-theory. It ensures that the assignment 
of a charge in cohomology to a K-class is an isometry. More explicitly, as we will 
review momentarily, there is a natural inner product in both cohomology and in K- 
theory, and the A-roof genus term ensures that Q, which maps a K-theory class to a 
cohomology class, preserves these inner products. 

A natural inner product between any two elements [77] and [u] of de Rham coho- 
mology is as follows. Choose two differential forms rj and u that represent the two 
classes, the choice of representative will not matter. The inner product of the two 
classes is just the integral of the wedge product of the forms over the spacetime 



The inner product of two K-theory classes E and F is slightly more complicated. 
Given two vector bundles E and F of rank j and k we have seen that one may form 
their sum by taking the direct sum of each complex vector space fiber. We will 
be interested in a different operation. One may also form the product of E and 
F by taking the tensor product of each complex vector space fiber. The product 
is a new vector bundle E®F whose fibers are jk dimensional. This product makes 
K*'(M) into a ring. Consider a Dirac operator |) acting on sections of the bundle 
E(S)F, which intuitively are just jTc-tuples of functions on each patch with transition 
functions between patches which are the same as the transition functions that define 




(4.7) 
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the bundle E(S)F. The Dirac operator is just a differential operator times a gamma 
matrix, so it takes vectors in C^^ to vectors in C^'^ and sections of the C-''^ bundle 
to other sections. In particular, it has a kernel which consists of all of the sections 
that it takes to the zero section, which is the section that consists of the origin of C-^'^ 
above each point in M. Also it has a cokernel, which is the kernel of its transpose. 

While neither the dimension of the kernel nor the dimension of the cokernel is a 
topological invariant of the bundle E®F, the difference between these dimensions is 
an invariant. This difference is called the index of ^and its value is determined from 
the topology of the bundle via the Atiyah-Singer Index Theorem 

mdpE^F= I ch{E) Ach{F) aA(TM). (4.8) 

Now we can define the K-theoretic inner product (E, F);^ of the K-classes correspond- 
ing to the vector bundles E and F to be the index of the Dirac operator on their tensor 
product 

(E,F)^ = ind|fe^F- (4-9) 

Minasian and Moore noticed that this K-theoretic inner product is precisely equal 
to the de Rham inner product of the corresponding D-brane charges Q. Concretely, 
given two D-branes with worldvolume gauge bundles E and F and embedding maps e 
and / of their worldvolumes into M, the de Rham inner product of their charges from 
Eq. ()4.H) equals the K-theory inner product of their gauge bundles pushed forward 
onto the full spacetime M via the maps ei and f\ 

(Q(E),Q(F)) = (c/i(e,(E)) A ^i(TM), c/i(/!(F)) A \/ A{TM)) (4.10) 

= [ cMe!(E))Ac/i(/,(F))Ai(TM)=ind|)^,E^ F = (e!E,/!F)i,. 

Therefore the square root of the A-roof genus in Eq. ()4.1|) guarantees that the charge 
map Q is an isometry of K-theory onto de Rham cohomology. 

While this evidence for the K-theory classification of D-branes was quite circum- 
stantial, resting on the compatibility of the inner products in the known cohomo- 
logical expressions for D-brane charge and in a conjectured K-theory framework, it 
suggested that the older homological classification might be incorrect. Witten later 
demonstrated in P| that in the case of type I string theory the K-theory classification, 
or more precisely a variation of K-theory using real bundles, successfully predicts the 
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existence of nontrivial 5*0 (32) gauge configurations missed by the homological classi- 
fication. In fact several months earlier he had already, in the context of the AdS/CFT 
correspondence, presented an example of a failure of the homological classification in 
type II with an orientifold 3-plane in Thus it was eventually irrefutable that 

the homology classification of branes was incorrect, it contains unphysical branes and 
also unstable branes, and it needed to be replaced. 

However the K-theory description of Minasian and Moore was mysterious as it 
described D-brane configurations in terms of a gauge bundle on the entire spacetime. 
The original gauge bundle on a D-brane was easy to interpret physically. Open strings 
end on the D-brane, when quantized some of their modes correspond to gluons and 
nontrivial configurations of the gluon field are described by gauge bundles on the 
D-brane. But there were no gluons in the bulk, open strings must end on branes, and 
so the presence of a gauge field in the bulk was a mystery. 

4.3 The Sen Conjecture 

An interpretation for this apparent bulk gauge bundle that classifies all D-brane con- 
figurations came from a parallel development in string field theory. In quantum field 
theories, a particle with a negative mass squared, called a tachyon, is a sign of in- 
stability. These particles will be spontaneously created, reducing the energy of the 
system and changing the vacuum itself via a process called tachyon condensation. 
Sometimes, as in the case of the standard model's Brout-Englert-Higgs mechanism, 
this process will end when the system arrives in a new vacuum with no tachyonic 
excitations available. One example of such a process in string theory is the closed 
string tachyon condensation when spacetime is a discrete quotient of the complex 
plane [221 with a conical singularity, which decays to a stable vacuum in which space- 
time is the full complex plane. Sometimes the field theory is hopelessly unstable and 
the decay will never end or will end once all of spacetime has been destroyed, as has 
been conjectured to occur in the wrong sign heterotic theory of Ref. |2S1- More often, 
no one knows the end point of this process, as is the case for closed string tachyon 
condensation in critical bosonic string theory. 

Consider a D-brane and an anti D-brane in type II string theory. Open strings 
may extend from one to the other, and quantizing these strings one finds a tachyonic 
mode. Tachyonic modes correspond to instabilities, and in this case Ashoke Sen 
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argued in 1998 j3j that the condensation of the tachyon corresponds to a dynamical 
process in which the brane and antibrane annihilate. We have seen that Dp-branes 
can carry the charges of lower dimensional D-branes, encoded in the topology of their 
worldvolume gauge bundles. Therefore if the Dp and anti Dp carried topologically 
distinct gauge bundles, while the total Dp-brane RR charge is zero there is still a net 
RR charge of lower- dimensional D-branes. As net RR charge is conserved, this means 
that lower dimensional D-branes will be present after the annihilation of the Dp- 
branes is complete. In the case p = 9 the D9-brane and anti D9-brane fill all of space, 
and so one might suspect that any configuration of lower dimensional Dp-branes could 
be encoded in the gauge bundle on this pair. 

This is not possible, as these branes each carry a single U{1) gauge bundle and 
abelian gauge theories have, for example, no instantons and so there would be no 
D5-branes. However if one allows the gauge group to be large enough then there is 
no such obstruction. This led Sen to conjecture that any configuration of D-brane 
charges can be realized as a gauge field configuration on a stack of sufficiently many 
D9-branes and anti D9-branes. Then, after these D9-branes and anti D9-branes have 
decayed, or equivalently after the open string tachyons have condensed, the arbitrary 
configuration of lower dimensional Dp-branes will remain. For example if the D9- 
branes contained a magnetic flux tube with k units of magnetic flux then after the 
annihilation k D7-branes will remain. If instead the anti D9-branes carry this flux 
tube then k units of anti D7 charge will remain. If the D9 worldvolume contained 
an instanton then a D5-brane will remain wrapped around the same cycle as the 
instanton, and so on. 

Now we can interpret the classification of D-brane charges 1)4.11) by bundles /lE 
on the bulk, these are the gauge bundles on the D9-branes. We can also interpret 
the K-theory equivalence relation ()4.3|) . Consider a brane anti-brane system that 
represents the element (E © G, F © G) in K-theory. If a brane and antibrane with 
the same gauge bundle, which pushes forward to G, annihilate, then the equivalence 
condition states that the conserved charges (E,F) are conserved, as they must be. 
Thus Witten has argued j2| that Sen's conjecture implies that D-branes are classified 
by K-theory. 

These vector bundles over all of space time are not conserved charges in the usual 
sense. Usually, when one speaks of the conserved charges of a configuration, one inte- 
grates a conserved current over a timeslice and then the conservation implies that the 
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choice of timeslice was irrelevant. If instead the charge is different at two timeshces 
then a process has occurred which can destroy this charge. Here instead one is consid- 
ering a D-brane charge on all of the spacetime, not just on a timeslice. The process of 
tachyon condensation is not being treated as a process relating configurations at two 
moments in time, but rather it relates two different trajectories on the entire space- 
time. This is not to say that tachyon condensation is not a real dynamical process 
that can occur over time, but it is merely to say that in the viewpoint taken in this 
subsection, tachyon condensation is something which relates two entire trajectories. 

Instead of a dynamical process which proceeds in the time direction, closed string 
tachyon condensation is treated in Ref. [22] as an RG flow that proceeds along an in- 
ternal direction of configuration space. Similarly the deformations in Ref. [2] relating 
different representatives of the same K-theory class identify configurations related by 
deformations in the configuration space. Thus the K-theory of the entire spacetime 
classifies not charges that are invariant under time-dependent physical processes, but 
rather charges associated with entire trajectories which are invariant under deforma- 
tions such as renormalization group flow. 

While the K-theoretic classification of D-brane charges using the Sen conjecture 
was revolutionary, it was somewhat hmited. First, it did not apply to type IIA string 
theory which has no spacefilling D-branes. Hofava later claimed |21] that one can 
make the same arguments in IIA string theory using unstable D9 sphalerons, and 
one arrives not at K° but at a similar object named K^. Also Kapustin has argued 
13] that D9-branes are inconsistent in the presence of if-flux, and so the K-theory 
classification does not apply in these cases. As we will discuss presently, in these 
cases one needs to use a variation of K-theory known as twisted K-theory. Finally, as 
was emphasized in the last two paragraphs, this classification scheme does not classify 
charges that are preserved under dynamical processes, but rather a kind of property of 
trajectories that is preserved under deformations. But the question of what structure 
classifies conserved RR charges was left open. These shortcomings were all addressed 
by Maldacena, Moore and Seiberg [7j using a new approach to understand K-theory 
based not on tachyon condensation, but based on the Freed- Witten anomaly. This 
approach will be the subject of Section IHl 
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5 The Freed- Witten Anomaly 



5.1 How Are Homology and K-theory Different? 

The above K-theory classification of D-brane charges in the absence of H flux is not 
equivalent to the homology classification. There are three differences: 

• Some homology classes do not correspond to any K-theory class. 

• Some K-theory classes correspond to multiple homology classes. 

• While homology and K-theory are both abelian groups, their addition rules are 
not compatible. 

Each of these differences has an interpretation in terms of D-brane physics, and 
in each case K-theory gets it right while homology gets it wrong. As we will argue 
shortly, the homology classes that do not correspond to K-theory classes correspond to 
inconsistent D-branes that lead to worldsheet global anomalies on the strings that end 
on them. The multiple homology classes that correspond to the same K-theory class 
correspond to distinct brane configurations such that processes exist which transform 
one configuration into another, so that the conserved charges corresponding to all 
of these configurations must be the same. The transformations of D-branes that 
create homology charge can be thought of as a violation of the conservation of a RR 
current due to the aforementioned anomalies |25j. Thus the first two differences are 
the consequences of the same anomalies. 

The difference in the addition rules of homology and K-theory corresponds to the 
fact that a bound state of two D-branes should carry the sum of the conserved charges 
of the constituents. In particular the homology classification would imply that the 
sum of two Dp-branes is again a Dp-brane, whereas K-theory successfully predicts 
that a Dp-brane can, for example, carry a half unit of D(p — 2)-brane charge so that 
two Dp-branes can combine to yield a D(p — 2). For brevity we will have little to say 
about this additive structure, but the literature is filled with examples. A particularly 
rich example involving D-branes of several dimensions is described in Ref. |2(ij . 

Despite all of these differences, homology and K-theory, in the absence of H flux, 
are remarkably similar. Classically they are identical. Mathematically one says that 
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they are isomorphic when tensored with the real numbers 

ff^^" ® M = K° ® M, H°^^®R = K^®R (5.1) 

which yields homology and K-theory with real coefficients. In physics we saw in 
Subsec. 12.31 that this tensoring eliminates the Dirac quantization condition and it is 
interpreted as a classical limit. One finds that branes in supergravity are classified 
by homology with real coefficients which is isomorphic to K-theory with real coeffi- 
cients. Intuitively, the inconsistencies which lead some D-branes to be anomalous all 
disappear when there are enough D-branes, or more precisely when the number of 
D-branes has the right prime factors, as occurs in the classical limit. 

There appear to be two things that can go wrong with a D-brane wrapped on 
a homology cycle that imply that the homology cycle does not correspond to any 
K-theory cycle. One is that the D-brane suffers from the Freed- Witten anomaly Pl] , 
which implies that worldsheets of open strings ending on the D-brane are affiicted 
with a global anomaly that does not allow one to globally define the phases of the 
measures of their path integrals. No D-branes with Freed- Witten anomalies carry K- 
theory charges, and we will argue that they are all inconsistent. If a D-brane wraps 
a nonsingular submanifold and is not Freed- Witten anomalous then it automatically 
carries a K-theory charge. This does not mean that all homology classes that can 
be wrapped by Freed- Witten anomaly-free branes correspond to K-classes, because 
some homology classes can not be represented by nonsingular submanifolds [23 |2Hj . 
Thus D-branes can fail to carry K-theory charge if they are Freed- Witten anomalous 
or if they wrap a homology cycle which cannot be represented by any nonsingular 
submanifold [TH] . 

It may seem odd that there are homology classes that are not representable by any 
nonsingular submanifold. In fact, homology classes in a space M of dimension 9 or less 
can always be represented by nonsingular submanifolds, but precisely in dimension 
10 there appear 7-dimensional homology cycles which cannot be represented by any 
nonsingular submanifold, meaning that the representability of cycles is only an issue 
for D6-branes in IIA string theory and generically for branes in noncritical string 
theories like WZW models. When one says that a class is not representable by a 
nonsingular submanifold, this means that it can still be represented by a subset, but 
that this subset is not a nonsingular manifold because it contains at least one point, 
called a singularity, where the tangent space is not of the form M". For example, the 
real cone over the complex projective space CP^ has a singularity at the tip of the 
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cone. 



The singularities of these cycles are different from the singularities usually en- 
countered in string theory because the ambient spacetime is nonsingular, it is only 
the wrapped cycle which is singular. Not only is the cycle singular, but every cycle 
in its homology class is singular and so there is no way that the singularity may be 
blown up or deformed away. The nonsingularity of the spacetime means that there 
are no strong gravitational effects that can change the geometry, the physics of the 
singularity is governed by open strings. However some nonrepresentable homology 
cycles nonetheless lift to K-theory, and so the corresponding branes carry K-theory 
charges. In Ref. ^H] the authors gave an example of a nonrepresentable homology 
cycle that lifts to a K-theory class, and one that does not. If one believes the type IIA 
version of the Sen conjecture, and therefore that type IIA branes are classified by K- 
theory, then the first representable cycle can be consistently wrapped by a D6-brane 
and the second cannot. However, unlike the Freed- Witten case, the global anomalies 
of strings ending on these two D-branes have not yet been analyzed. Such an analysis 
would be a strong test of the K-theory classification hypothesis. 

Summarizing, a D-brane wrapping a homology cycle is inconsistent if it suffers 
from a Freed- Witten anomaly, and is sometimes inconsistent if the homology cycle 
cannot be represented by any nonsingular submanifold. This brings us to the question, 
what is a Freed- Witten anomaly? To answer this question we will first need some 
mathematical background on spin structures and spin'^ structures. 

5.2 Spin Structures 

The remainder of this section is technically more difficult than the rest of the lectures. 
The uninterested reader can skip to Sec. El To understand the following sections he 
will only need the conclusion that on a D-brane worldvolume there is an anomaly 
called the Freed- Witten anomaly which is equal to W3 + H. Here is a class in the 
third integral cohomology of the worldvolume called the third Stiefel- Whitney class. 
It is determined by the topology of the D-brane's worldvolume. H is also an element 
of the third integral cohomology of the worldvolume, it is equal to the pullback of the 
spacetime NSNS field strength. A D-brane can only wrap cycles such that 
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The Freed- Witten anomaly is an obstruction to the existence of certain represen- 
tations of the Lorentz group in the spectrum of a theory on spacetimes with some 
topological properties. To understand it, we will first need to review the action of the 
Lorentz group on fields defined on a topologically nontrivial space. 

The wavefunctions of fermions do not transform under any representation of the 
Lorentz group. To see this, consider a 360 degree rotation on your favorite plane. 
This is the identity rotation of the Lorentz group. Representations are, by definition, 
homomorphisms of groups to matrices which means among other things that they map 
the identity group element to the identity matrix. However a 360 degree rotation is 
the identity element of the Lorentz group but it changes the sign of the wavefunction 
of a fermion, and so is not represented by the identity matrix. If U is the map from 
the Lorentz group to the group action on the spinor ip then 

^ = C/(l)^ ^ U{e^''')i^ = -V' (5.3) 

implies that U is not a representation. However [/ is a representation up to a phase, 
which in this case is a choice of sign. Maps like U that are representations up to 
a choice of phase are called projective representations, of which representations are 
examples in which the phase factor is one. Symmetries in quantum theories always 
act via projective representations. 

In a topologically trivial spacetime one can always define an action on states via 
a projective representation. This is because a physical state does not correspond to a 
vector in a Hilbert space, but to a ray in a Hilbert space, which is the set consisting of 
a vector multiplied by any phase. In particular, the multiplication of a fermion wave 
function by minus one negates the corresponding vector in the Hilbert space, but it is 
still described by the same ray and so it still corresponds to the same physical state. 
Thus the action of the Lorentz group on rays, that is to say on physical states, is 
well-defined. 

One might then be tempted to do away with the Hilbert space and just deal 
with the rays directly, but perhaps unfortunately the known formalisms for doing 
calculations in quantum field theory require a choice of a representative vector in 
each ray. In the case of the Lorentz group, this means that given any action of 
the Lorentz group, one must also determine a phase. A choice of an element of the 
Lorentz group plus a phase is the same as a choice of an element of the nontrivial 
central extension of the Lorentz group which is called the Spin group. An element of 
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the Spin group is an element of the corresponding Lorentz group plus a Z2 choice of 
sign, which topologically means that the group manifold of a Spin group is a certain 
Z2 bundle over the group manifold of a Lorentz group SO{N) 

Z2 — > Spin(N) 

i (5.4) 
SO{N) 

where tt is the projection map from the Spin group to the Lorentz group. 

The simplest example of the relationship between the Lorentz and Spin groups 
occurs in the 2-dimensional Euclidean space M^. Here the Lorentz group is U{1), and 
the Spin group is another copy of U{1) which is twice as big. tt is the identification 
of antipodal points on the big U{1). In particular a rotation by a in the Lorentz 
group is only a rotation by q;/2 in the Spin group. Vectors, like the gauge connection 
A in electrodynamics, are sections of the tangent bundle of 2-dimensional Euclidean 
space which is a trivial vector bundle whose fibers are and transform in the 2- 
dimensional S0{2) representation of the Lie algebra which topologically means 
that the structure group of the bundle is the Lorentz group 5*0(2). Spinors are 
also sections of a 2-dimensional trivial bundle, which again is subject to transition 
functions in 5'0(2), which is the Spin group of 5'0(2). These are the same transition 
functions as were used for the tangent bundle, but with a projective representation 
in which all rotations are divided by two. However, as the bundle is trivial, these 
transition functions can be taken to be trivial and so the tangent and spin bundles 
are equivalent in this case. 

If instead one considers QED on a topologically nontrivial 2-dimensional Euclidean 
space E then the two bundles are different. Now the photon wavefunction is a section 
of the tangent bundle TS while the electron wavefunction is a section of the square 
root of the tangent bundle VTS, which is called the Spin bundle. Both bundles may 
be constructed from local trivializations and transition functions. The transition 
functions that create both bundles are the same, but the transition functions act on 
the square root bundle using a different representation, in which the rotation angles 
are all halved. If one considers the fiber to be C and the transition functions to 
be 1-dimensional complex representations of U{1) then the Spin bundle transition 
functions act on the Spin bundle via the projective representation 

[/(e*") = e*°/2 (5.5) 
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where e*" is the action on the tangent bundle. 

Notice that the map ()5.5|) is not well-defined, as, given a transition function e*" 
one may interpret a as a + 2-7? by choosing a different fundamental domain for the 
angles and one would find a different sign for the right hand side, which translates 
into a minus sign in the transition functions for the spinors. To define the spin bundle 
one needs to choose all of these signs in the transition functions. The choice of these 
signs is called the spin structure. 

The choice of spin structure is a physical choice, it can determine, for example, 
whether a compactification is supersymmetric or not. The choice of spin structure on 
the worldsheet of a closed string determines whether one is describing NS or R modes, 
which in turn determines the spin of the spacetime field corresponding to an excitation 
of the worldsheet spinor. Sometimes different choices of spin structure are physically 
equivalent. Two choices are only inequivalent if, after a spinor moves around some 
closed loop, the two spin structures disagree on the spinor's sign. Thus there is a Z2 
choice of spin structure for each inequivalent closed loop of the theory. For example, 
the fundamental group of the genus g Riemann surface has 2g generators and its 
group of spin structures is 



In this example one can see that a choice of spin structure is just a choice of whether 
a spinor will have periodic or antiperiodic boundary conditions on each of the 2g 
inequivalent loops. 

We have seen that a choice of spin structure is just a choice of an element of Z2 
at each transition function between patches. This information defines a Z2 bundle. 
Actually, not every choice of Z2 on overlaps gives a bundle. For example, consider 
three patches f/j, Uj and which are discs and whose double and triple overlaps 
are all discs. When all possible intersections of a set of patches covering a space are 
topologically trivial, one says that the patches form a good cover. We first trivialize 
the Spin bundle on each patch. To define the Spin bundle globally we must define 
transition functions which are +1 or —1 on each of the three overlaps Ui fl f/j, Uj fl Uk 
and Uk n Ui. Name these transition functions Xij, Xjk and x^i respectively. The Z2 
bundle is only well-defined if these patches satisfy the triple overlap condition on the 
triple overlap Ui fl Uj fl Uk 



In fact, the spinor is also only well-defined when we impose this condition. This is 




(5.6) 



1. 



(5.7) 
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because, given the value of a spinor on the overlap written using the trivialization 
of Ui, one may switch to the Uj trivialization and then to the Uk trivialization and 
finally back to the Ui trivialization without ever moving, therefore the value of the 
spinor should not change. This means that we must impose the condition ()5.7|1 at 
every triple overlap in our definition of spin structures. In the example ()5.6|) we have 
already done this. 

Mathematically the group of choices of elements of a group G on 2-way overlaps 
of an atlas of M subject to the 3-way overlap condition ()5.7|1 has a name. It is called 
the first Cech cohomology group with G coefficients, and is denoted 

r\M;G). (5.8) 

When one uses a good cover Cech cohomology is isomorphic to the cohomology 
H*(M;G) that we have been using all along. From now on we will restrict our 
attention to good covers. Therefore the group of spin structures on M is H^(M; Z2). 

The classification of Z2 bundles by characteristic classes in the first cohomology 
group with Z2 coefficients is an example of a more general feature in the classification 
of bundles. As we will later be interested in a different example, Spin'^ bundles, we 
will now summarize the main features of this structure. Consider a bundle whose 
fiber F is {p — l)-connected, meaning that it k < p then the kth homotopy group of 
F vanishes. Imagine that the pth homotopy group is nontrivial, and is equal to the 
group G 

TTk<p{F) = 0, np{F) = G. (5.9) 

Then F bundles will be characterized entirely by a degree p + 1 characteristic class 
in the cohomology with G coefficients 

cjp+i G HP+i(M;G) (5.10) 

and also some characteristic classes of higher degree. If furthermore all of the ho- 
motopy classes of F of degree higher than p vanish then the bundles are entirely 
characterized by just cUp+i. 

In our case we are interested in Z2 bundles, so p = and G = Z2. The character- 
istic class coi E H^(M;Z2) is the spin structure. We will also be interested in circle 
bundles, for which p = 1 and G = Z. Circle bundles are completely characterized by 
a single characteristic class 

ci = CU2 e H2(M;Z) (5.11) 
which is called the first Chern class. 
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5.3 When is a Manifold Spin? 



Beyond two dimensions a new complication will arise, due to the fact that we are not 
really classifying Z2 bundles over spacetime, but rather Spin bundles over spacetime 
which are Z2 bundles over Lorentz bundles over spacetime. Z2 bundles over any 
space always exist, for example the trivial bundle always exists. However, given a 
particular Lorentz bundle over spacetime, which is the principal bundle associated 
to the tangent bundle TM, it is not always possible to define a Spin bundle whose 
transition functions are those of the tangent bundle but in a Spin representation. 
The problem is that when the Lorentz bundle is nontrivial, sometimes no choice of 
signs for the Spin lift satisfies the triple overlap condition ()5.7p . 

The triple overlaps are determined entirely by the topology of the tangent bundle, 
and so provide a characteristic class of the tangent bundle. While transition functions 
of our Z2 bundle are choices of elements of Z2 on each 2-way overlap and define 
elements of the first Cech cohomology group H^{M] Z2), the obstruction to ()5.7|1 is a 
choice of element XijXjkXki in Z2 on each 3-way overlap and defines an element of the 
second Cech cohomology group i?^(M; Z2). 

This is part of the above general structure. F bundles are classified by elements 
ujp+i of H^'''^(M; G) but if G is the extension of a group H hj F then, given an H 
bundle, one can define another characteristic class 

c^p+2 e HP+'(M; G) (5.12) 

which is the obstruction to lifting the H bundle P over M to a G bundle P' over M 

F ^ G H ^ P F ^ P' G P' 

ivr, ip ^ iTT, ip' (5.13) 

H M P M . 

The H bundle P can be lifted to a G bundle P' only when ujpj^2 = 0. In our case 
F is Z2, H is the Lorentz group, G is the Spin group and is called the second 
Stiefel- Whitney class and is denoted 102- The bundles P and P' are the tangent and 
Spin bundles respectively, or more precisely the associated principle bundles. When 
W2 is nonzero the triple overlap condition is never satisfied and spinors cannot be 
globally defined. If 

W2(TM) = (5.14) 



37 



then the spacetime M is said to be spin. More generally W2 can be defined for any 
5*0 bundle P, not just the tangent bundle, and it always measures the obstruction 
to lifting the SO bundle P to a Spin bundle P'. 

This discussion has been somewhat abstract. We will now describe a concrete 
example of the obstruction to the lift of an SO bundle to a Spin bundle. We will 
consider a higher rank bundle, although already in two dimensions the Hopf bundle 
has no spin lift. In general the topologies of the Lorentz group and the corresponding 
Spin group are different. The simplest case in which the topologies are different is 
the 3-dimensional Euclidean space . Now the Lorentz group is 5*0(3) and its spin 
cover is Spin{3) = SU{2). If spacetime is a Euclidean 3-manifold M, then vector 
fields like the photon are sections of the tangent bundle TM and spinor fields are 
sections of its square root, which is the spin bundle VTM. Again, both of these 
bundles are built using the same trivializations and transition functions, but while 
one uses the 3 real dimensional S0{2>) representation of the Lie algebra su{2) in the 
definition of the action of the transition functions of the rank 3 tangent bundle TM, 
one uses the 2 complex dimensional representation SU (2) for the transition functions 
of the rank 2 spin bundle VTM. 

We now ask the question, given an 50(3) bundle P on a manifold M, is it always 
possible to fift P to an SU{2) bundle P' on Ml Recall that the group manifold SU{2) 
is a Z2 bundle over the group manifold SO{?>) and so there is a projection map 

TT : SU{2) — > S0{?,) (5.15) 

with kernel Z2 that maps SU{2) to 5*0(3). The SU(2) bundle P' is then said to 
be the lift of the 5*0(3) bundle P if tt acting fibcrwise on P' takes it to P. If P 
is the tangent bundle TM then P' exists if and only if M is spin. All manifolds 
of dimensional less than 4 are spin., an example of a 4-dimensional manifold that is 
not spin is the complex projective space CP^. However manifolds of dimension four 
or more are difficult to picture, so we will consider a 2-dimensional example. As all 
2-dimensional manifolds are spin, the tangent bundle of a 2-manifold always lifts to 
a Spin bundle. Thus to find an example of a bundle that does not lift, we will have 
to consider a bundle which is not the tangent bundle. 

When discussing the worldvolume gauge theories on D-branes one is often inter- 
ested not in the tangent bundle but in the normal bundle NN of the submanifold 
N G M wrapped by a D-brane. This is because worldvolume scalars are often sec- 
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tions of the normal bundle and worldvolume fermions are often sections of the spin 
lift of the normal bundle. 

When classifying topologically nontrivial configurations in gauge theories one is 
often interested instead in the topology of the gauge bundle itself. For example, 
consider an SU{2) gauge theory with no matter or with only adjoint matter. Gluons 
always transform in the adjoint representation of the gauge group, and by hypothesis 
any matter in this theory also transforms in the adjoint. The only generators of the 
gauge group that appear in this theory are then those of the adjoint representation, 
which are three-dimensional and generate the Lie group 5*0(3). Therefore this theory 
really only exhibits an 5*0 (3) gauge symmetry. The difference between SU{2) and 
5*0(3) is that SU{2) contains an element which is minus the identity, which gets 
identified with the zero element in the quotient vr to 5*0(3). However conjugating 
any field by minus the identity leaves the field invariant and so this element acts 
trivially on our field configurations, only 5*0(3) can act faithfully. 

The fact that this gauge theory is really an 50(3) gauge theory means that gluon 
configurations are classified by 50(3) bundles and not by 5f/(2) bundles. This is a 
physically important distinction because there are more 50(3) bundles than there 
are SU (2) bundles. This is true in part because only SU (2) is simply-connected 

7ri{SU{2)) = 0, 7ri(^0(3)) = Z2. (5.16) 

The nontriviality of the fundamental group of 5*0(3) implies that, unlike 5*f/(2) gauge 
theories, 5*0(3) gauge theories admit Z2-charged magnetic monopoles and Dirac 
strings, which in the Higgs phase become physical Z2 vortices. 

For example, consider an 50(3) gauge theory on 5^. We can trivialize the 50(3) 
gauge bundle on the northern and southern hemispheres. The bundle is then topolog- 
ically classified by the transition function from the equator to 5*0(3), which is a map 
in '7ri(5*0(3)) = Z2. The nontrivial map leads to the Z2-charged vortex. If two of these 
vortices collide they may annihilate, but a lone vortex is topologically stable. The 
Douglas-Shenker strings J3] are examples of these stable vortices in supersymmetric 
gauge theories with only adjoint matter. 

The key observation is that there are no vortices in the SU{2) gauge theory, and 
so this 5*0(3) bundle has no spin lift. In fact, using the general characterization of 
bundles in Eq. (jS.lOp . the first nontrivial homotopy class of 5*0(3) is at p = 1 and is 
given by ()5.16|) . Therefore 5*0(3) bundles are partially classified by a characteristic 
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class 

c^2 e H2(5';Z2) =Z2. (5.17) 

This characteristic class is precisely the second Stiefel- Whitney class W2- Therefore 
the nontrivial vortex configuration of the SO (3) bundle has nonvanishing W2 and so 
does not have a spin lift to an SU (2) bundle. 

The absence of a spin lift means that one cannot define spinors. One spinor 
representation of 5*0(3) is the two-dimensional fundamental representation of SU{2). 
Therefore SU (2) fundamental matter cannot be defined in the presence of a Z2 vortex, 
as its wavefunction would be ill-defined. Instead, in the presence of SU{2) fundamen- 
tal matter one may only consider SU (2) gauge bundles, which contain no vortices. 

Similarly, when spacetime is not spin or equivalently when W2 of the tangent 
bundle is nonzero, the wavefunctions of Lorentz spinors are ill-defined and so spinors 
cannot be consistently incorporated in the theory. In the next subsection we will 
see that sometimes spinors can be included if they are charged under a U{1) gauge 
symmetry. 

5.4 Spin^ Structures 

We have seen that when spacetime is not a spin manifold there is a nontrivial class 
W2 and that this implies that the transition functions Xij = ±1 of the sign of a spinor 
do not satisfy the triple overlap condition ()5.7|) . Instead at some triple overlaps the 
product of the transition functions is 

XijXjkXki — 1. (5.18) 

The fact that the product is not equal to one means that the Spin bundle is not really 
a bundle. Therefore spinors cannot be sections of the Spin bundle and therefore 
cannot appear in the spectrum. In general a particle can only appear in a theory if 
its wavefunction is a section of a legitimate bundle that satisfies the triple overlap 
condition. 

While the Spin bundle does not exist in this case, it is sometimes possible to 
construct a different bundle that does exist from the inconsistent Spin bundle. The 
strategy will be to consider a U{1) bundle Q whose second Stiefel- Whitney class is 
equal to that of P. The tensor product bundle P ® Q will then have a spin lift and 
the sections of its associated vector bundle will be the wavefunctions of f/(l)-charged 
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spinors. So while uncharged spinors are still inconsistent, charged spinors may exist 
if we can define Q. 

If there is a f/(l) gauge group, then there is also a U{1) gauge bundle Q. U{1) 
bundles are entirely characterized by a degree two integral cohomology class called 
the Chern class 

ci(g) e H2(M;Z). (5.19) 

Any element of H^(M; Z) defines a U{1) bundle Q, and therefore one can construct 
trivializations and U{1) transition functions and the transition functions always sat- 
isfy the triple overlap condition ()5.7j) . 

Recall that f/(l) is isomorphic to 50(2), and so one may also try to define a spin 
lift y/Q of Q whose transition functions are the square roots of those of Q. The Chern 
class of the square root bundle -/Q will satisfy 

2ci(v^) = ci(g). (5.20) 

This implies that ^/Q will only be a bundle if Ci{Q) is divisible by two. We have 
another criterion for when \/Q exists. The lift y/Q of Q is a bundle if and only if its 
transition functions satisfy the triple overlap condition ()5.7j) . These triple overlaps 
are measured by the Cech class 

W2{Q) e H\M-Z2) (5.21) 

which consists of the triple products XijXjkXki of the transition functions. The triple 
products vanish, or more precisely are equal to the identity, precisely when W2{Q) is 
equal to zero, but we have seen that the bundle also exists precisely when ci{Q) is 
even. This suggests that W2{Q) is the mod 2 reduction of ci{Q) 

W2(Q) = ci(Q) mod 2 (5.22) 

and in fact it is. 

Our strategy to make a bundle from the Spin nonbundle y/P is to construct 
another nonbundle ^/Q that fails the triple overlap conditions at just the same triple 
overlaps as y/P. The tensor product of these two nonbundles y/P ® \/Q will then 
satisfy the triple overlap condition because the U{1) commutes with everything, so 
the products of the triple overlaps just multiply. At each triple overlap the products 
of the transition functions for the two bundles are either both +1 or both —1, in 
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either case the products of the transition functions of the tensor bundle is +1^ = 1 
or —1^ = 1 and so the tensor bundle satisfies the triple overlap condition and is a 
legitimate bundle. 

To complete the construction, we need only choose Q such that 

Ci{Q)moA2 = W2{Q)=W2{P), Ci(Q) e H2(M;Z). (5.23) 

While there exists a U{1) bundle for any class ci{Q) in the integral cohomology group 
H^(Z), not every class W2 G H^(M;Z2) may be obtained as the mod 2 reduction of 
an integral class. As we will see in the next subsection, such an integral class exists 
if and only if a certain 2-torsion integral 3-class called the third Stiefel- Whitney class 
vanishes 

1V3(P) = G H3(M;Z). (5.24) 

For the moment we will assume that W3 vanishes and so a U(l) bundle Q exists 
satisfying ()5.23p . In this case the tensor product bundle P®Q has a spin lift because 

W2{P ®Q)= W2{P) + W2{Q) = 2w2{P) = (5.25) 

where we have used the fact that W2 is Z2 torsion. Now we can define our charged 
spinor wavefunction. If the spinor has an odd U{1) charge 2q+l then its wavefunction 
is a section of the associated vector bundle to the principal bundle a/P ® ^/Q ® Q'^- 

The fiber of the tensor bundle is the product of the groups Spin and U{1). Both 
of these groups share the element which is equal to —1 times the identity, so to avoid 
double-counting the fiber of the tensor bundle is the group 

S^n'W = Sp.niN).UW^ ^^^^^ 

Z2 

The tensor bundle is called a Spin'^ bundle. For example if = 2 then 

sp,„'(3) = u(2) = ^^^<M1) = ,5,2,) 

U (2) gauge theories admit Dirac strings, which are the spin'^ lifts of the Z2 vortices 
in the SO (3) gauge theory. 

Using the above general classification of bundles combined with the fact that 

TTiiSpin^) = Z ® Z2 (5.28) 
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we find that Spin^ bundles are partially characterized by two degree two cohomology 
classes. There is an element of integral cohomology which is just the magnetic flux 
of the f/(l) gauge theory, and there is an element of cohomology with Z2 coefficients 
H2(M; Z2) which is called the spin'^ structure. 

Recall that for every degree p + 1 characteristic class there is a degree p + 2 
obstruction to a lift. In this case the obstruction to the existence of a spin'^ structure 
is the third Stiefel- Whitney class 

w^eW{M;'L2). (5.29) 

While 1(73 is always Z,2 torsion, unlike W2 it always has a lift to cohomology with 
integral coefficients, which will be denoted 

W^eYi^{M-Z) (5.30) 

and is also always Z2 torsion. When the third Stiefel- Whitney class of the tangent 
bundle TM is equal to zero, M is said to be a spin'^ manifold and a spin'^ lift of 
the tangent bundle exists. On such manifolds one can define f/(l)-charged spinors. 
However recall that the U{1) bundles \/Q themselves may fail the triple overlap 
condition by a sign, and in fact they must fail if M is not spin in order to cancel the 
failure of the spin bundle. In this case the field strength Ci{-/Q) defined in ()5.2()|1 
fails the Dirac quantization condition by a half-integer. These shifted quantization 
conditions are often responsible for fractional brane charges in string theory. 

5.5 The Freed- Witten Anomaly 

We will be interested in fermions not in the bulk spacetime, but in the spectra of 
the open strings that end on a particular Dp-brane. While Freed and Witten have 
demonstrated the existence of their anomaly with and also without the need of the 
following assumption, we will assume, in line with Sen's conjecture, that it is always 
possible to nucleate a spacefilling D9 and anti D9 pair from nothing. Then we may 
consider the open strings that stretch from any fixed Dp-brane to the D9. The ground 
state Ramond sector open strings that stretch from the Dp to the D9 are fermions 
whose wavefunctions tp are sections of the tensor product of the spin bundle over the 
Dp-brane world volume of N and the U{1) line bundle which is the gauge bundle of 
the U{1) worldvolume gauge field on the Dp-brane. This bundle exists precisely when 
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the Dj9-brane's worldvolume is spin'^, and so the wavefunctions of the strings between 
the Dp and the D9 only exist if the Dp wraps a spin'^ submanifold N of the spacetime 
M. If it does not, the Dp-brane is said to suffer from a Freed- Witten anomaly which 
is equal to W3, the failure of to be spin^. 

Fundamental strings couple electrically to the NSNS B field. Therefore if one 
introduces a nontrivial B field, the path integral measure of a fundamental string 
trajectory will change. In particular, the wave functions of the fermions found in 
the Ramond groundstate of our p-9 strings will be shifted by a -B field. The phase 
of the wavefunction will increase by the integral of the B field over the worldsheet. 
However, if the Dp-brane was spin'^ then the wavefunction was well-defined, and so 
after multiplying it by a constant shift it will continue to be well defined. Conversely, 
if the Dp-brane wrapped a non-spin^ submanifold then the constant shift provided by 
the B field will not render the wave function well-defined, in this case the wavefunction 
is a section of a spin'^ bundle which cannot be globally extended over the entire Dp 
worldvolume. Below we will argue that a nontrivial H flux, which corresponds to 
a B flux that cannot be globally deflned in exactly the same way as the fermion 
wavefunction, can render the wave function well-deflned if and only if 

W^ + H = Q. (5.31) 

To arrive at ()5.31|1 we will need to understand more precisely just what measures. 
We will now introduce an exact sequence based characterization of that generalizes 
to the case with H flux. 

Remember that when a Spin bundle does not exist, as in the case of CP^ which 
is spin'^ but is not a spin manifold, one may not deflne uncharged fermions but one 
may deflne U{1) charged fermions if the gauge bundle fails to be a gauge bundle in 
just the right places. 

If VF3 7^ 0, so that the Dp-brane's worldvolume is not spm^, then no choice of 
gauge bundle Q, even one that fails the triple overlap condition, can render the spin'^ 
bundle well-deflned. We have already noted that this is a consequence of the condition 
that W2(TN) be the mod 2 reduction of the integral class ci(Q), as no such integral 
class exists when VF3(TN) is nonzero. Now we will see this more explicitly. First 
we will need to understand how the gauge bundle's fleld strength F = Cl{^/Q), the 
second Stiefel- Whitney class W2 and the third Stiefel- Whitney class W3 are related. 
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They are related by a long exact sequence which arises from the short exact sequence 

— . Z ^ Z Z2 — >0 (5.32) 

where the first map is multiplication by two and the second is reduction modulo two. 
This short exact sequence leads to a long exact sequence in cohomology with Z and 
Z2 coefficients. 

Given a short exact sequence ()5.32|) one can always form a long exact sequence of 
cohomology groups with coefficients given by the elements of the short sequence. In 
this case one finds 

... ^ H2(M; Z) ^ H2(M; Z) B.^{M; Z2) ^ B.%M; Z) ^ ... (5.33) 

where /5 is a map called the Bockstein homomorphism, which is a close relative of 
the exterior derivative of differential forms. All of the elements that we have been 
discussing, the U{1) field strength F = ci{y/Q) G H^(M;Z), the second Stiefel- 
Whitney class W2 G R'^{M;Z2) and the third Stiefel- Whitney class W3 G H^(M;Z) 
fit into this long exact sequence 

- ^ ci(v^) ^ Ci(Q) W2^Ws^ ... (5.34) 

In particular we see that W3 is defined to be the Bockstein of W2 

W3 = pW2. (5.35) 

If and only if the Dp-brane wraps a spin'^ submanifold, W3 will be zero. W3 is the 
image of W2 under the Bockstein, and so W3 is zero if and only if W2 is in the kernel 
of the Bockstein homomorphism. The above sequence is exact, which means that the 
kernel of the Bockstein map jS is the image of the preceding mod two reduction map. 
Thus W2 is in the kernel of the Bockstein map if and only if there exists an element 
Ci{Q) of integral cohomology such that the mod two reduction of Ci{Q) is equal to W2. 
Remember that this was the condition such that a U{1) bundle Q exists satisfying 

W2{Q) = W2{TM). (5.36) 

Thus the existence of Ci{Q) which reduces modulo two to W2 is equivalent to the 
condition that the D-brane wrap a spin'^ cycle, as desired. 

If the D-brane wraps a spin'^ cycle which is not spin then W2 is not equal to 
zero and so Ci{Q) is not in the kernel of mod two reduction. By exactness of the 
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sequence, this means that Ci{Q) is not in the image of multiphcation by two, and so 
Ci{\/Q) does not really exist as an integral class. This corresponds to the fact that 
the compensating f/(l) bundle \/Q fails the triple overlap condition. Circle bundles 
that fail triple overlap by a sign do not have integral Chern classes, instead they are 
classified by the integral class Ci{Q) which is intuitively twice their Chern class. 

Ci{Q) is the degree 2 characteristic class which partially characterizes the topology 
of the Spin'^ bundle. When it fails to exist, because W2 is not in the kernel of /?, then 
the Spirf lift of the tangent bundle does not exist. The fermion wavefunction is a 
section of the Spin^ bundle, so it does not exist either. 

What changes when we add a nontrivial H field? The fermion wavefunction no 
longer is a section of just the Spirf bundle, but of the tensor product of the Spirf 
bundle with another bundle that has characteristic class B. Recall that the sum 
of the f/(l) gauge field F and the B is gauge invariant, and so F and B always 
appear together in gauge-invariant expressions. The B field, like 1^2, is naturally an 
element of cohomology with torsion coefficients. This is because it enters in the string 
partition function via the factor e^^^ , and so adding an integer to the B field has no 
observable effect. 

Thus one may add B to W2 in the long exact sequence ()5.34p . In fact it is the 
sum that appears in the string partition function. The failure of B to lift to an 
integer class in H^(M; Z) is, by exactness, measured by its image under the Bockstein 
homomorphism. We refer to its image as the H fiux, even though in general it may 
contain torsion components. Thus we have the modified long exact sequence 

... ci(g) + B W2 + B ^W^ + H ^ ... (5.37) 

where by abuse of notation we refer to both the B field and its integer lift as B. 

Now ci{Q) +-B is the characteristic class for the combined bundle, whose sections 
are the fermion wavefunction. The class Ci{Q) + 5 is defined to be any class such 
that its mod two reduction is W2 + 5, thus the combined bundle exists if and only if 
W2 + B is in the image of the mod 2 reduction map. By exactness, this is the case if 
and only ii W2 + B is in the kernel of the Bockstein, which implies ()5.31|1 

= (3{w2 + B) = W3 + H. (5.38) 

Therefore a D-brane can sometimes consistently wrap a non-spin'^ cycle, but this can 
happen precisely when the H fiux cancels W3, the obstruction to the cycle being 
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spirf. Summarizing, the Freed- Witten anomaly condition states that a D-brane may 
wrap a cycle if and only if PV3 + if of that cycle vanishes as an integral cohomology 
class. 

6 Twisted K-Theory from the Freed- Witten Anomaly 
6.1 Brane Insertions and MMS Instantons 

So what happens if you ignore the Freed- Witten anomaly and wrap a Dp-brane on a 
cycle with + H flux anyway? For simplicity, we will just consider the free part of 
+ H, the terms that survive the supergravity limit, but the same conclusions 
apply to the torsion part. We will now provide a heuristic argument for the claim of 
Ref. that this anomaly may be canceled by a D(p — 2)-brane insertion. 

Recall that there are large gauge transformations that change the B field and the 
f/(l) gauge field strength F but preserve their sum. Thus one may intuitively try to 
gauge transform H = dB into dF . Concretely this means the following. Consider a 
small, contractible sphere inside of the Dp-brane. The integral of the B field over the 
sphere is not well-defined, as the B field is not gauge invariant. One may define it 
via Stoke's theorem as the integral of if, either over the inside or the outside of the 
sphere. In the first case, one finds that the integral of B is about zero because the 
sphere is small and H is well-defined. In the second case, one finds that the integral 
of B is about equal to the integral of the H flux on some three-cycle. 

These two cases are related by a large gauge transformation, and so F must also 
differ in the two cases by the same amount, the integral of H over a three-cycle. 
By Stoke's theorem, we can then conclude, using either gauge, that the integral of 
dF over the union of these two three-cycles is equal to the integral of if. dF , by 
the Bianchi identity, is equal to the magnetic monopole charge that intersects the 3- 
cycle. Thus for every unit of H flux on a given cycle there is a single unit of magnetic 
monopole charge on that cycle. Considering again the full integral cohomology we 
conclude that there is a magnetic monopole which is Poincare dual to W3 + H 

QmonopoIe = PD(W^3 + i^). (6.1) 

Recall that magnetic flux i^ on a Dp-brane worldvolume couples to the RR field 
Cp_i and so carries D(p — 2)-brane charge. A magnetic monopole is a codimension 
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three surface that is a source for magnetic flux, so it is the endpoint of a D(p— 2)-brane. 
Thus a Dp-brane is always free to wrap a cycle on which W3 + if is nonvanishing, but 
the price is that there must be a D(p — 2) brane which ends on the Dp-brane on a 
cycle dual to the offending W3 + H. The D(p — 2) extends away from the brane until 
it finds another place to end, or, if there is no other place to end, it is semi-infinite. 
Such configurations of branes ending on branes were referred to as baryons in Ref. JHl 
and, for reasons that will be apparent momentarily, as (MMS) instantons in Ref. [Zj. 

Depending on the compactification in question, baryons may have infinite masses 
because the D(p — 2)-branes may be forced to extend to infinity. If the transverse 
dimensions are compact then the D(p — 2)-branes may have no place for the other 
endpoint, and so the baryons configurations may be inconsistent. Of course, the 
D(]9 — 2)-branes may end on an anti Dp-brane wrapping the same cycle, but the Dp 
and anti Dp may decay so this system carries no conserved charges. Thus baryonic 
configurations are often dropped in classifications of D-brane charges. As we have 
mentioned, while baryonic configurations carry homology charges, they do not carry 
K-theory charges. Thus K-theory does not classify baryons. 

The Freed- Witten anomaly not only eliminates certain configurations from our 
classification, but also it leads to the nonconservation of a charge. To see this, consider 
again a baryonic configuration in which a Dp-brane wraps a cycle with nonvanishing 
W3 + H and a D(p — 2) ends on the Dp and extends away in another direction. If 
this other direction is a spatial direction, then one arrives at the high-mass spider-like 
configuration described above. But the other direction could also be timelike. This 
corresponds to D(p — 2)-branes being created or destroyed. Thus the nonconserved 
charge is a D(p — 2)-brane charge, it is the charge of the homology (p — 2)-cycle 
wrapped by the created or destroyed branes. This charge maps to the trivial K- 
theoretic charge, as K-theory is the quotient of the legal homology charges by a set 
of nonconserved charges. These timelike configurations are called MMS instantons 
because the Dp-brane may live for only a short period of time as it sweeps out a 
(p -|- l)-cycle and its trajectory may be a solution to the Euclidean equations of 
motion. 

When Qs 7^ the intersection of a D(p — 2)-brane and a Dp-brane is not a sharp 
corner. Rather there is a continuous transition, in which one sees, if one looks closely 
at the D(p — 2), that it is always a thin tube of Dp-brane with S"^ cross-sections that 
carry D(p — 2)-charge because the integral of the U{1) field strength over these spheres 
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is nonzero. The spheres may be thought of as Dp dipoles, as antipodal points carry 
opposite Dp charge, thus they carry no net Dp charge and appear to be D(p — 2)- 
branes from far away. The actual monopole is at the end of the tube, at infinity, so 
in a sense these branes avoid the Freed- Witten anomaly by putting it all at a point 
and cutting out that point. If instead of extending away in a spatial direction the 
D(p — 2) extends in the time direction then the configuration is an MMS instanton. 
Smoothing out the corners at nonzero string coupling one finds that this corresponds 
to, for example, a homologically nontrivial stack of D(p — 2) branes that grows, via the 
Myers dielectric effect [21] for example, into a Dp-brane and sweeps out a (p+ l)-cycle 
before eventually collapsing into heat as it finishes and closes up. 

In conclusion, the Freed- Witten anomaly is responsible for two physical effects. 
First, D-branes carrying + H not equal to zero are, without extra insertions, 
inconsistent. Secondly D-branes wrapping homology cycles which are Poincare dual 
to + H m some bigger cycle are unstable, and their corresponding homology 
charges are not preserved. The inconsistent charges do not lift to K-theory classes, 
while the unstable charges correspond to the zero K-theory class. 

Now that we have turned on fluxes, the tachyon condensation argument for the 
K-theory classification no longer applies. In fact D-branes are not quite classified by 
K-theory when there is a topologically nontrivial H flux, instead they are classified by 
a variation of K-theory known as twisted K-theory [S] where the twist is given by H. 
Some details on the construction of twisted K-theory from cohomology will appear 
in the next subsection. This construction, known as the Atiyah-Hirzebruch spectral 
sequence, will make it apparent that the Freed- Witten anomaly indeed removes and 
quotients out the correct homology charges to arrive at twisted K-theory. 



6.2 Atiyah-Hirzebruch Spectral Sequence 

Dp-branes in type IIA string theory exist for every even p. The branes carrying 
conserved RR charges are extended in one time direction and p spatial dimensions, 
and so are classified by the even homology groups Hp(M). By Poincare duality these 
are isomorphic to the odd cohomology groups 

H9-p(M) = Hp(M). (6.2) 

While Dp-brane charges for a fixed p are classified by the single odd cohomology 
group H^~^, the collection of all Dp-brane charges in type IIA string theory is the 
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direct sum of these groups for all even values of p. We refer to this direct sum as the 
odd cohomology and denote it H°'^'^. Similarly D-branes in TIB arc classified by the 
even cohomology H*'™". Summarizing, all D-branes in type II string theories carry 
charges in either H^"^^"^ or E°^^ which are defined by 

fjeven(^^) = ©feH2'=(M), H°'^<i(M) = ©feH2'=+l(M). (6.3) 

However we know that these charge groups are too big, we really want the twisted 
K-groups and which will be quotients of subsets of H^"^^"^ and H°^'^ respectively. 

The Atiyah-Hirzebruch spectral sequence (AHSS) was introduced by Atiyah and 
Hirzebruch to compute untwisted K-groups, although it has since been generalized 
to the twisted case. It is an algorithm which begins with H^"^^"^ and H°'^'^. It arrives 
at twisted K-theory after a series of approximations, the nth of which are denoted 

and At each step some elements are removed and some are quotiented out. 
After a finite number N of steps the algorithm arrives at groups which as sets are 
equivalent to the twisted K-groups K^ and K^ 

^0 ^ H^ven(^^)^ ^1 ^ H°'^<i(M), \Ei^\ = \K^HiM)\ (6.4) 
which classify D-branes in IIB and IIA string theories respectively. 

To calculate the nth approximation i?^ of K^, one needs both of the (n — l)st 
approximations and and also a differential operator ^2^-1 which maps one 
to the other 

d2n-l : E^-l ^ El_i, d2n~ld2n-l = 0. (6.5) 

The subscript 2n -|- 1 on the differential refiects Atiyah and Hirzebruch's observation 
that each element of -B^.i can be represented by a class in the degree 2k+i cohomology 
group H^^"*"' for some k, and d2n-i increases the degree of this class by 2n— 1. However, 
in the cases n > 2, the action of d2n-i on a given cohomology class is only well defined 
up to the quotients that occurred at previous steps in the spectral sequence, and so 
the action is only well defined on itself. 

Given -E'^_i and ^20-1 one can determine the They are simply the cohomology 
of the -E'^_i with respect to the differentials d2n-i 

Ker(d2n-i : ^ti ^ Eit\) 
lm(d2n-i : Ei;t\ ^ Ei_,) 

Only the first differential, 0^3, has been explicitly computed in the literature. It is 

dsx = Sq^x + HUx (6.7) 
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where Sq'^ is a cohomology operation known as a Steenrod square which takes an 
integral class in the degree k cohomology to a class in the degree k + 3 integral 
cohomology, as does the cup product with H. The image of Sq^ is always a Z2 
torsion component of H'^^'^(M;Z). Recall that in the supergravity limit the torsion 
components disappear, as the finite cyclic group Z2 tensored with the real numbers 
is zero. Therefore in the classical theory the Sq'^ term vanishes and reduces to the 
wedge product with the H flux. 

While limited results about the higher differentials have appeared, they have been 
computed in general in the case of real coefficients jSOj, in which they compute the 
tensor products of the K groups with the real numbers. The nth differential on a 
differential form x is 

d2n+ix = [H,...,H,x] (6.8) 

which is the Massey product of n copies of a differential form representing H with 
X. Massey products are intuitively products of differential forms multiplied by in- 
verses of the exterior derivative. These inverses in general are not well-defined on 
differential forms, or even on the de Rham cohomology of differential forms. However 
they are well-defined on El^_i, as required. For this reason the Massey product is 
called a secondary cohomology operation. Note in particular that the real differential 
()6.8p disappears in the case H = 0. Recalling that the real case corresponds to the 
supergravity limit, we find that p-branes in supergravity are classified by de Rham 
cohomology if H = 0. 

However the nontriviality of ()6.8|) when H is nontrivial implies that even in the 
supergravity limit the homology or equivalently the cohomology classification of D- 
branes fails. There is a an important exception to this last statement. A manifold is 
called formal if all Massey products with more than two terms vanish. Many of the 
kinds of manifolds that are of interest in compactifications are formal. For example, 
all Kahler manifolds are formal, as are all simply-connected six-manifolds. The dif- 
ferentials ()(j.8j) at n > 1 vanish on a formal manifold and so branes in supergravity 
on a formal background are just classified by the if A cohomology of the de Rham 
cohomology, which is isomorphic to the d + HA twisted cohomology. 
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6.3 Freed-Witten from the AHSS 



One may now ask what the AHSS has to do with the Freed-Witten anomaly. Recall 
that the Freed-Witten anomaly provided a necessary condition for the consistency of 
a homology-valued D-brane charge, and also yielded a set of D-brane charges that 
are not conserved. It did not provide a sufficient condition for consistency, because 
some nonrepresentable cycles that do not lead to Freed-Witten anomalies cannot be 
wrapped. On the other hand, the AHSS computes the twisted K-theory precisely, at 
least as a set, from the cohomology. Thus it must eliminate all unphysical branes, 
those afflicted with the Freed-Witten anomaly and those wrapping unwrappable sin- 
gularities. It must also quotient by all nonconserved charges, those corresponding to 
branes that may decay via MMS instantons and those that may decay via trajectories 
in which the brane grows, wraps a nonrepresentable cycle and then is sucked into a 
worldvolume singularity that forms, eats its hosts and finally eats itself. 

Thus the consistency of the AHSS and the Freed-Witten anomaly, which is critical 
for the K-theory classification, requires that the AHSS indeed eliminates all Freed- 
Witten anomalous D-branes, although it may eliminate others. We will now argue 
that this is the case. In particular, we will show that cohomology classes which are 
not in the kernel of are Poincare dual to D-brane worldvolumes that suffer from the 
Freed-Witten anomaly, while its image consists of cohomology classes which are dual 
to the worldvolumes of unstable D-branes. However some Freed-Witten anomalous 
D-branes and Freed-Witten unstable D-branes will be missing from this classification, 
we will note that in the only known example of this phenomenon jjj these anomalies 
and instabilities are captured by and correspond to MMS instantons in which a 
D(p — 4)-brane ends on a Dp-brane. 

We will need the definition of the Steenrod square 5*^^, which appears in the 
differential in ()6.7|) . Consider an integral cohomology class of degree p. This 
class is Poincare dual, in the 9-dimensional timeslice M^, to a homology class x<j-p of 
degree 9 — p 

PD(a;'') = xg.p G H9_p(M; Z) (6.9) 

which corresponds to a spatial slice of the worldvolume of a D(9 — p)-brane. In 
particular, a spatial slice of the worldvolume is a (9— p)-cycle N G M that represents 
the homology class dual to x^. The submanifold N G M has a normal bundle NN, 
which is a p-dimensional real vector bundle on A^. 
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Recall that iy3(NN) is the integral co homology 3-class which measures the ob- 
struction to the existence of a spin'^ lift of the normal bundle NN. The Steenrod 
squares are defined to be the pushforwards of the Stiefel- Whitney classes of the 
normal bundle of N onto M using the inclusion map i : N ^ M 

sq^x = uw„(NN), i, : H"(Ar) — > HP+"(M). (6.10) 

Recall that homology classes pushforward naturally and cohomology classes pullback 
naturally. The pushforward of a cohomology class is defined to be the Poincare dual 
in M of the pushforward of its Poincare dual in N 

sq^'x = ^,^^;„(NN) = PD|M(nPD|ivK(NN))). (6.11) 

The unnaturalness of the pushforward of a cohomology class is responsible for the 
fact that we need an infinite tower of differentials on the cohomology of M to capture 
a single anomaly on the worldvolume of A^, as well as the fact that the pushforward 
of a cohomology class is a class of a different degree. We use the notation Sq^ to 
denote the integral lift of sq^, which always exists. Equation ()6.10|) combined with 
the linearity of the pushforward map implies that Sq^ will be trivial when VF3(NN) 
is trivial, but it does not imply the inverse. 

This is not quite the Freed- Witten condition for two reasons. First iy3(NN) is not 
quite the Freed- Witten anomaly, the Freed- Witten anomaly was the the third Stiefel- 
Whitney class of the tangent bundle. Second, can have a nontrivial kernel, so some 
D-branes afflicted with the Freed- Witten anomaly and so having a nontrivial W3 can 
nonetheless lead to a trivial ^3. We will now resolve the first issue and speculate 
about the second, then we will extend to the case with nontrivial H flux. 

To relate the differential deflned in ()6.1()j) to the Stiefel- Whitney class of the 
tangent bundle, we flrst observe that the direct sum of the tangent and normal bundles 
to the submanifold C M is the tangent bundle of M, restricted to 

TN©NN = TM|iv. (6.12) 

We can now insert this relation into the addition formula for Stiefel- Whitney classes 

w{A®B)=w{A)Aw{B) (6.13) 

where w{A) is the sum of the Stiefel- Whitney classes of the bundle A. As usual a lower 
case w denotes a Stiefel- Whitney class in the cohomology with Z2 coefficients. Only 
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the odd degree Stiefel- Whitney classes W2k+i can be hfted to integral cohomology 
classes W2k+i, and even these will continue to be Z2 torsion 

21^2^+1 = 0. (6.14) 

Expanding the addition law ()6.13|) in components, in the case 74=TN, i?=NN, 
A © B=T'M\n, and using the identity wq = 1 we find at degree one 

wi{TM\n) = wo(TN) A wi(NN) + wi(TN) A wo(NN) = m;i(NN) + wi(TN). (6.15) 

We recall that the first Stiefel- Whitney class of a manifold is if and only if the 
manifold is orientable. D-branes in type II string theory are always orientable, as are 
compactification manifolds. Therefore 

Wi(TM) = wi(TN) = 0. (6.16) 

Let i be the inclusion map of the D-brane worldvolume into M , then the Stiefel- 
Whitney classes of the tangent space TM of M restricted to N are just the puUbacks 
of those of TM using i* 

i:N^M, Wk{TM\N) = i*Wk{TM). (6.17) 

In particular, the fact that the first Stiefel- Whitney class of the tangent space of M 
vanishes ()6.16|1 implies that its image ifi(TM|Ar) under the homomorphism i* also 
vanishes. Thus the left hand side and the last term on the right hand side of ()6.15|) 
both vanish. This means that the other term on the right hand side of ()6.15|) must 
also vanish 

wi(NN) = 0. (6.18) 
We will need this fact in the following argument. 

Our goal is to relate the two third Stiefel- Whitney classes ^^(TN) and PV3(NN), 
the first of which appears in the Freed- Witten anomaly and the second of which 
appears in the AHSS. These classes both appear in the degree three part of ()6.13j) 

u;3(TM|^) = wo(TN) A W3(NN) + u;i(TN) Au;2(NN) (6.19) 
+W2(TN) A wi(NN) + u;3(TN) A u;o(NN) 
= 1 A W3(NN) + + + W3(TN) A 1 = m;3(NN) + W3(TN). 
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Compactification manifolds M in type II string theory are always spin^. Therefore 



W3(TM|;v) = i*W3(TM) = = 0. 



(6.20) 



Thus ()6.20|) implies that the third Stiefel- Whitney classes of the normal and tangent 
bundles to add to zero. Using the fact ()6.14|) that Stiefel- Whitney classes are mod 
2 torsion, either of these classes may be moved to the other side of the equality to 
yield 



This equality is preserved by their integral lifts. 

We can now reformulate the Freed- Witten anomaly as follows. In the absence 
of H flux, Dp-branes must wrap cycles such that the third Stiefel- Whitney class 
of the normal bundle of is trivial. If PV3(NN) is zero then we saw in (jfi.lOj) that 
square three of the Poincare dual of N vanishes. Thus the cohomology class x dual 
to a Dp-brane's worldvolume is annihilated by the first AHSS differential 



if 14^3 (NN) = which in turn occurs if and only if PV3(TN) = 0, which occurs if 
the Dp-brane wrapping is Freed- Witten anomaly free. Therefore consistent Dp-brane 
wrappings are in the kernel of 6/3, as they must be in order to lift to K-theory classes. 

This argument is not invertible. In fact the invertibility fails at two points. First, 
some inconsistent Dp-brane wrappings have trivial VF3(TN), although only when A^ 
is nonrepresentable so this will not occur when M is 9-dimensional or less. It may 
also fail because sometimes PF3(NN) 7^ but Sq^x^ = because W3 is in the kernel 
of the pushforward map z=k in (jfi.lOj) . In Ref. [7] it was shown that such a situation 
arises in the identification of the twisted K-theory of SU{3) with D-brane charges 
in the SU(3) WZW model. As will be seen in Subsec. |71 in this case the unphysical 
branes are in the kernel of ^3 but are not in the kernel of d^, and so they do not 
carry K-theory charges. Generalizing this result, in Ref. [SI] a general form of the 
Freed- Witten part of the term was proposed. 

The main advantage of the Freed- Witten perspective of the K-theory classification 
over the Sen conjecture perspective is that one can easily include a nontrivial H flux. 
We will now argue that, even in the presence of H flux, Dj9-branes that are Freed- 
Witten anomaly free are Poincare dual to cohomology classes that are in the kernel 



W3(TN) = W3(NN). 



(6.21) 



d^x = Sq^x = i,W3{m) = 



(6.22) 
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of the AHSS differential ^3, as they must be if their charges are to hft to K-theory 
classes. 

The Freed- Witten anomaly on a Dp-brane's worldvolume is equal to the sum of 
the third Stiefel- Whitney class of its normal bundle plus the integral of the puUback of 
the H flux onto its worldvolume. More precisely, now using the language of integral 
cohomology and not that of differential forms, the H flux in the bulk defines an 
integral 3-class in H'^(M; Z) and its contribution to the anomaly is 

Hr}N, n : X Hfe — > Hfe_, (6.23) 

where fl is an operation called the cap product. Roughly speaking the cap product 
takes a p-manifold N and a 3-class H and produces a (p — 3)-manifold which is the 
Poincare dual of H in N , in other words, it produces the magnetic monopole in the 
worldvolume gauge theory of the Dp-brane. 

The cap product satisfies a useful relation. If a;^~^ is the degree 9 — p cohomology 
class which is Poincare dual to a p-dimensional timeslice of the worldvolume of our 
Dp-brane, then the magnetic monopole is the Poincare dual (PD) of if U x^~^ 

HUx^-P = HlJFI){N) =FI){HnN). (6.24) 

where we recall that the cup product U is the integral cohomology version of the 
wedge product of differential forms, which we have been using implicitly for most 
of this note. For example the H flux on a Dp-brane's worldvolume is topologically 
trivial if and only if if U a;^~^ is topologically trivial. 

Adding the contribution of the H flux ()6.24|1 to the Freed- Witten anomaly to the 
contribution of W3 from ()6.22|) we find that the vanishing of the entire Freed- Witten 
anomaly W3 + H implies the vanishing of 

dsx = Sq^x + HUx = t^iWsim) + H) = 0. (6.25) 

Thus, as desired. Freed- Witten anomaly free configurations are in the kernel of d^. 
The higher differentials have never been explicitly calculated, but it is known that 
Freed- Witten anomaly free Dp-branes which wrap representable cycles are in fact in 
the kernel of all of the differentials d2k+i at least in the untwisted case, and so these 
D-branes all carry K-theory charges. Furthermore, the AHSS guarantees that these 
charges are trivial precisely when the D-brane wraps a cycle whose Poincare dual is 
in the image of one of the differentials d2k+i- 
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6.4 The Supergravity Limit and Twisted Homology 



In the supergravity limit everything is tensored by the real numbers M. This kills 
the VF3 term, as torsion groups tensored with the group of real numbers are trivial 
and W3 is always Z2 torsion by ()fi.l4|l . Similarly, Steenrod squares are all identically 
equal to zero after tensoring by the reals, as their images are also torsion. Thus in the 
supergravity limit the AHSS depends entirely on H. The first nontrivial differential 
is given by the wedge product with H, and more generally all of the differentials are 
given by the Massey products in ()(i.8|l . 

Working with differential forms, which capture all of the information in the classi- 
cal theory, one may begin the AHSS with the set of not just closed differential forms 
but all differential forms. Then one arrives at the set of closed differential forms 
by introducing the differential di equal to the exterior derivative and taking its co- 
homology, which is de Rham cohomology. The forms in the image of the exterior 
derivative are exact. These do not correspond to trivial configurations, but rather to 
configurations that contain nontrivial RR fluxes and no D-branes. 

Poincare duality only applies to closed differential forms, and so general differential 
forms are difficult to relate to D-branes. However one may interpret every step in 
terms of D-branes if, instead of passing through differential forms, one works with 
submanifolds, or more precisely simplicial complexes, from the beginning. Then the 
first differential di is the boundary operator, and the cohomology of the boundary 
operator consists of all D-branes which have no boundaries quotiented by those that 
wrap boundaries and so can decay, in other words, the homology group. The second 
differential ds can be defined to be the cap product with H, whose kernel consists of 
branes that contain no magnetic monopoles 

di = d, d3 = Hn. (6.26) 

In the full quantum theory in which one uses integral homology, one needs to include 
a term in d^ which captures W3. However in the classical theory, and also in the 
quantum theory in certain cases, W3 vanishes. In particular if M is any orientable 
6-manifold then vanishes, and so in orientifold-free flux compactifications of type 
II which yield 4-dimensional physics one can drop the term and use ^3 = Hn. 

In general one needs the entire series of differentials from ()6.8p . but when the 
compactification manifold possesses a special property called formality we have noted 
that they all vanish, at least rationally. Simply connected 6-manifolds are always 
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formal, for example. Also all manifolds which are diffeomorphic to Kahler manifolds 
are formal. Generalized Kahler manifolds may also be formal, at least they share 
many of the nice properties of formal manifolds ■ Thus, in flux compactifications 
one can generally compute the twisted K-theory using the simple differentials ()(i.2(jj) . 

In fact, on formal manifolds the cohomology with respect to these two differentials 
is isomorphic to the cohomology with respect to the single differential jSS] 

^H = ^ + Hf^. (6.27) 

The cohomology of Oh is called twisted homology, in the real case it was applied 
to the classification of D-branes on calibrated cycles in Refs. |8H l85] . Notice that 
the two summands are of different dimensions, the first reduces the dimension of 
a submanifold by 1 and the second by 3. Thus twisted homology classes contain 
networks of branes whose dimensions are all equal modulo 2. These are all baryons. 

More generally, and perhaps more usefully for phenomenology, on all simply con- 
nected 6-manifolds twisted homology and twisted K-theory are equivalent as sets. 
This is a consequence of the fact that the obstructions to this equivalence, in 
twisted K-theory and the next element of the spectral sequence in the identification 
of d + H with d and H cohomologies are both degree 5 operations. Degree 5 opera- 
tions on a 6- manifold either have images in or operate on elements of H^, both of 
which are trivial in the simply connected case, and so these two obstructions vanish. 

The cap product with a differential form is only well defined on homology classes, 
but in ()6.27j) it is applied to a general submanifold which may have a boundary. To 
render it well defined, one needs to include two pieces of extra data on the subman- 
ifold. One needs a nonquantized 2-form called the i?-field whose exterior derivative 
is the pullback of the H field, and one needs an integral two-class F, that turns out 
to be the field strength of the worldvolume gauge bundle. Then the boundary map 
yields 

d: N^N', I B + F= I H. (6.28) 
Jn' Jn 

This only defines the sum of B + F. There are large gauge transformations which 
change B and F, but these must always preserve both the sum and the quantization 
condition on F. 

The extra data needed to define a twisted homology class not only matches with 
the physical expectations of a D-brane, but it also precisely matches the extra data 
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needed to define a twisted generalized complex submanifold in Ref. |36j. This is 
because cycles in both cases can be thought of as sections of a bundle whose fibers 
are the Eilenberg-MacLane space K(Z, 2) with 3-class H or alternately of its 5*^ 
subbundle with Euler class H. We recall that an Eilenberg-MacLane space K(G, n) 
is defined to be any space whose only nontrivial homotopy group is 



so that, in particular, K(G', n) bundles are characterized completely by the character- 
istic class uJn+i in H"~*'^(M; G), which in the case of K(Z, 2) is the H flux 



The extra data is the 2-form connection B on this bundle and also its choice of trivi- 
alization F. The subbundle realization is particularly useful because the homology of 
the total space of the sphere subbundle is just an extension of the ordinary homology 
of M by its twisted homology, thus it provides a tool for the calculation and also the 
visualization of twisted homology classes. 

Unlike K-theory, which topologically can only be twisted by a 3-form, homology 
can be twisted by any p-form Gp. One then needs a worldvolume (p — l)-form con- 
nection and trivialization, which describe the fibration of a K{'L^p — 1) bundle or its 
S^^^ subbundle with characteristic class or Euler class Gp. Thus while D-branes are 
sections of K{Ij, 2) bundles, M-branes are sections of KiX, 3) bundles, or equivalently 
are subsets of the total space of the bundle. The Freed- Witten anomaly is then in- 
terpreted as the topological obstruction to the existence of a section of the bundle 
restricted to the D-branes worldvolume. If one uses the approximation for K{'L, 3) 
and the based loopgroup of for (Z, 2) one arrives at the characterization of D- 
branes in £'§ gauge theories in Refs. [SZl ESI tHH] , which was based on the E^ gauge 
theory of Ref. jHl ED] • While the existence of this bundle away from the boundaries 
is not evident in perturbative string theories, Pf/(oo), which is the quotient of f/(oo) 
by its f/(l) center, is also a model for K{'L, 2) and the existence of a PU (oo) bundle 
in the bulk in string field theory is well-known, see for example Refs. jHJ |12] . 

6.5 RR Magnetic Field Strengths 

Ramond-Ramond fluxes are sourced by D-branes. Thus one might expect that in- 
equivalent RR field strengths are in one to one correspondence with inequivalent 



7r„(K(G',n)) = G 



(6.29) 



H = uj^e H^(M; Z). 



(6.30) 
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D-branes and so should be classified by the same twisted K-group. Moore and Wit- 
ten proposed just this in Ref. 0. If one believes that any acceptable RR field can 
be sourced by some D-brane, in other words, that if a nontrivial flux is supported 
on some cycle then that cycle is free to degenerate and at the point where it degen- 
erates one will find a D-brane sourcing the flux, then one version of the K-theory 
classification of RR field strengths is as follows. 

Consider type II string theory on a spacetime which is topologically M x M where 
M may be thought of as the time direction and M is compact. Recall that conserved 
Dp-brane charges are characterized by Dp-branes that extend along the time direction 
and also wrap a p-cycle C M. If the spacetime metric were really the Cartesian 
product of M X M then such an eternal configuration would be inconsistent because 
the sourced flux would have nowhere to go, however no such assumption is made on 
the metric. Thus, as in the familiar cases of D-branes on AdS^ x M, configurations 
in which cycles of M are wrapped are consistent because M gets large sufficiently 
quickly far from the origin of AdS^. So we will not worry about the problem of fluxes 
having no place to go, essentially because M x M is noncompact. We have argued 
that in type IIA p is even and conserved D-brane charges are classified by K]j{M), 
whereas in type IIB p is odd and conserved D-brane charges are classified by K^(M). 

To extend this classification to fluxes one needs the above conjecture, that fluxes 
are in one to one correspondence with the branes that source them. More con- 
cretely, consider time-dependent Dp-brane configurations in which a Dp-brane nucle- 
ates, wrapping a contractible p-cycle, sweeps out a (p + l)-cycle and then shrinks 
into oblivion on the other side of A^. If A^ fails to lift to a K-theory class, for ex- 
ample if there is a Freed- Witten anomaly or if it is nonrepresentable, then when the 
Dp-brane disappears a lower- dimensional D-brane will remain. However if A^ does 
lift to a K-theory class then this process, while perhaps not energetically favorable, 
is possible. 

Recall from Section IHl that Dp-branes are violations of the Bianchi identity 

ddC7-p = PD(Dp-brane) = PD{N). (6.31) 

Therefore one can use Stoke's theorem to write Gauss' Law ()H.14j) for the flux over 
any (8 — p)-cycle A^' that links the Dp-brane worldvolume A^. As our Dp-brane only 
existed during a finite lifetime, we can choose the union of a timeslice before and 
after the D-brane came into existence. The difference between the unimproved field 
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strength dC-j^p on the timeshce before and after will, using ()6.31|) and an integral 
cohomology version of Stoke's theorem, be the Poincare dual of N . As sweeps out 
a (p + l)-dimensional cycle in the 9-manifold M, the Poincare dual will be a degree 
(8 — p) integral cohomology class of M 

X = PD(iV) G H^-^(M). (6.32) 

It was crucial that the slices which link the brane are compact. Technically this 
is necessary because otherwise the linking number would vanish and Stoke's theorem 
would not apply. Also noncompact slices would be disastrous as Poincare duality is 
an isomorphism of the cohomology groups of compact spaces. In fact, the fluxes on a 
noncompact cycle are not quantized, as Dirac's argument requires a nontrivial linking 
number and so fluxes on noncompact cycles cannot be quantized by either integral 
cohomology or integral K-theory. Thus only the fluxes along M, corresponding in 
the language of differential forms to forms with all legs along M, will be quantized. 
In the language of electrodynamics these are the magnetic fluxes, which are related 
by Hodge duality to the electric fluxes, which by definition have one leg along the 
time direction. This distinction is important, as RR field strengths in the democratic 
formulation ^Uj of type II supergravity, which we are using, are self-dual 

Gp = -kGiQ—p (6.33) 

where -k is the Hodge star. The self-duality implies that the magnetic fields completely 
determine the electric fields, and vice versa. Thus a classification of the magnetic fields 
is a complete classification of all RR fields. 

In particular, if we start with the trivial flux dC = then the conjectured relation 
between D-branes and RR field strengths implies that we can turn on any flux x by 
nucleating a D-brane which then sweeps out the dual cycle A^. Conversely, given any 
consistent nucleation, sweeping and annihilation of a D-brane one creates some flux. 
Thus RR field strengths dCj^p on M are conjectured to be classified by the group 
that classifies not Dp-brane charges but the surfaces that they sweep out in M. In 
the case of HA this is the twisted K-group K^(M) and in the case of type IIB it is 
the twisted K-group K\j{M). 

Recall that all D-branes carry homology charges. Similarly all fluxes carry coho- 
mology charges. The AHSS eliminates some of these charges and quotients others to 
arrive at the twisted K-theory classification. We identified the eliminated D-brane 
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charges as those charges which are carried only by anomalous branes, and we noted 
that the anomalies may be canceled by inserting branes that end on certain subman- 
ifolds of the anomalous branes. We also identified quotiented D-brane charges as 
nonconserved, and saw that they are carried by the branes whose insertions cancel 
anomalies. Thus we provided a physical interpretation for the mismatch between the 
homology and the K-theory classification of branes. 

A similar physical interpretation exists for the mismatch between the cohomology 
and K-theory classification of fiuxes. We have seen that fiuxes that do not lift to 
K-theory are created by Freed- Witten anomalous branes. These Dp-branes fail to 
decay, leaving behind lower dimensional D-branes. Thus RR field strengths whose 
cohomology classes fail to lift to K-theory can only exist in the presence of these 
lower-dimensional D-branes. This is similar to the observation that D-branes whose 
charges do not lift to K-theory are only consistent in the presence of lower dimensional 
D-brane insertions. 





RR Charges 


RR Field Strengths 


In Image of dp-. 


Charge is not conserved 


Pure gauge 


Not In Kernel of dp-. 


Baryons and MMS instantons 


Contains D-branes 



Table 1: Interpretation of those RR charges and field strengths that are in the image 
of the AHSS differentials and those that are not in the kernel 

When discussing the worldvolume theories of branes in supergravity we argued 
that the field strengths dC are only well-defined up to large gauge transformations, 
which at the level of differential forms are the wedge products of H with another 
integral class. By comparison, RR field strengths that lift to the zero twisted K- 
theory class are those that are in the image of the AHSS differentials, which include 
the image of if A as well as torsion and Massey product corrections. This leads one 
to the conjecture that while the gauge symmetries of the classical supergravity ()H.9|1 
shift dC by forms in the image of HA, the gauge symmetries of the full quantum 
string theory shift dC by the classes in the image of the AHSS differentials. Thus RR 
field strengths whose cohomology classes lift to the trivial K-class are conjectured to 
be pure gauge. 

Summarizing, magnetic RR field strengths dC appear to be classified by twisted 
K-theory. While naively they are classified by cohomology, those whose cohomology 
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class does not lift to K-theory can only exist in the presence of unstable D-branes 
and those whose cohomology class lifts to the trivial K-theory class are pure gauge. 

One can simultaneously classify D-branes and RR fluxes in configurations that 
contain both, as the RR fluxes that lift to twisted K-theory do not require the insertion 
of any D-branes. However one must remember in such cases that the true RR flux 
is not just the corresponding K-theory element, but one must also add the RR flux 
sourced by the D-brane. If the D-brane is unstable then it is a trivial element in 
K-theory, and one must add an RR flux which is a cohomology class that does not 
lift to K-theory such that an AHSS differential of the cohomology class of the RR 
flux yields the cohomology class which is Poincare dual to the unstable D-brane. 

Notice that we have classified RR field strengths dC, but have not classified RR 
potentials C . Gauge potentials are continuously valued and so are not classified by 
ordinary twisted K-theory. It has been conjectured that they are classified by a gener- 
alization of twisted K-theory known as differential K-theory j33] , which characterizes 
not just the topologies of bundles but also their Wilson loops. 

7 Examples 

The literature contains a modest number of examples of compactifications in which 
the twisted K-theory of the spacetime or of a spatial slice has been computed and has 
been successfully tested against an independent calculation of the D-brane spectrum. 
This is because the full spectrum of stable D-branes can only be computed in a few 
special classes of compactifications. More generally applicable D-brane classifying 
schemes, such as derived categories |m HH] , only classify BPS D-branes. D-branes 
which wrap torsion homology classes, for example, may be stable but are never BPS 
nor even calibrated and so are missed by schemes which are based on supersymmetry 
or calibrations. 

However in some special classes of simple string models one can calculate the 
full D-brane spectrum. The simplest class of examples consists of two-dimensional 
topological field theories in which the target space is a finite set of points. In Ref. [12] 
it was proven, using sewing conditions for the field theories, that boundary conditions 
are indeed classified by K-theory. While this analysis relied on the fact that the 
spacetimes considered are spec of semisimple Frobenius algebras, the authors hint 
that the K-theory classification of D-branes may extend to general topological string 
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theories. 

More traditional tests of the K-theory classification are in the context of exactly 
solvable conformal field theories. One set of such exactly solvable conformal CFTs is 
the WZW model corresponding to a Lie group G, which describes strings propagating 
on the group manifold G. When G is semisimple and compact one can compute the 
D-brane spectrum directly from the admissible boundary conditions of the worldsheet 
jini , and one invariably finds twisted K-theory with a twist determined by the level of 
the affine Lie algebra corresponding to G. In this section we will review the first two 
cases in which the spectra derived from CFT boundary conditions and from twisted 
K-theory have been compared, the SU{2) and SU{3) WZW models. 



7.1 The SU(2) WZW Model 

The group manifold of SU (2) is the three-sphere. Three-spheres appear in spacetime, 
for example, in type II string theory on a topologically trivial space with k flat, 
coincident NS5-branes. The NS5-branes are linked by a three-sphere and, although 
the dilaton diverges close to the NS5-brane, fundamental strings away from the brane 
are described by an exactly solvable CFT. The radial coordinate of the embedding of 
a fundamental string is described by a nonlinear dilaton model and the embedding on 
the linking three-sphere is described by an SU(2) WZW model at level k — 2, which 
is unitary when k > 2. Using Gauss' Law, the integral of the H flux on the linking 
3-sphere is equal to k 

I H = k (7.1) 
and so we will expect our twisted K-theory to be twisted by the class 

k G R^S^) = Z. (7.2) 

In the sequel we will not restrict our attention to this embedding of the CFT in 
type II superstring theory, but rather we will consider the WZW model on its own. 
This CFT has a 3-dimensional target space and so is not critical when coupled to 
2-dimensional gravity, in particular it has a central charge of 

3A; — 6 

CsU{2),k-2 = Y' ('^•2) 

Topologically inequivalent boundary conditions of the CFT wrap conjugacy classes 
of the three-sphere, which are points or two-spheres. 
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Surprisingly only a discrete set of conjugacy classes is consistent ^30^. This is 
because a boundary state on a two-sphere is a wavefunction on each choice of loop in 
the two-sphere on which a fundamental string may end. The phase of this wavefunc- 
tion must be well-defined on the loopspace, or else the boundary state is ill-defined. 
In particular if one takes the loop and moves if off of the 2-sphere to the north and 
then pulls it back on from the south, dragging it to its original position, one needs 
to arrive at the same state. In general, however, the state shifts by the integral of 
the worldvolume field strength F over the 2-sphere, reflecting the fact that the loop 
on which the string ends is the trajectory of an electrically charged particle in the 
D-brane's worldvolume gauge theory. This shift is also easily calculable in the CFT. 
The authors of Ref. jUj found that, imposing a particular boundary condition on 
the string worldsheets, there are only k possible wrappings in which this shift is a 
multiple of 27r, and so only k conjugacy classes may be wrapped. 

Today we know that any 2-dimensional submanifold may be wrapped, but in 
Ref. P!^; it was shown that the the D-branes will feel a Myers dielectric force |^ that 
integrates to a potential energy function which has one of k minima, corresponding 
to the k special conjugacy classes found in Ref. The minimum applicable to a 
given brane depends on the integral of F on its worldvolume. Of these k conjugacy 
classes, k — 2 are two-spheres at constant, evenly spaced latitudes and two are points, 
the north and south poles. The locations of the poles may be changed by applying 
an inner automorphism of SU (2) to the ansatz of boundary conditions investigated 
in j32|- The existence of yet more general boundary conditions remains an open 
question. 

Now we are ready to compute the twisted K-theory of the 3-sphere with k units 
of H flux and compare it to the conformal field theory result that there should be 
k stable even-dimensional D-brane configurations and no odd-dimensional D-brane 
configurations. The homology and cohomology of the three-sphere, like that of any 
sphere, is torsion-free and is generated by a single generator at the lowest and highest 
dimension 

Ho(S^) = = Z, }li{S^)=H^{S'^) = Q 

YL^iS'^) = H\S^) = }1^{S^) = H^{S^) = Z (7.4) 

where = is Poincare duality. Recall that the H flux H is the element k of H^. 

As the cohomology ring is trivial beyond dimension three, all cohomology opera- 
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tions of dimension greater than three are trivial. Therefore only the dimension three 
AHSS differential may be nonzero. In addition the image of Sq^ is always torsion 
but there are no torsion classes and so the Sq^ term in ^3 is trivial. It is also trivial for 
dimensional reasons. Therefore only the ifU term in c?3 may be nonvanishing. This 
augments the degree of a cohomology class by 3, and so it kills all of the 3-classes 
since its image would be a six class but there are no nonzero six classes. 

If we let a and h be the generators of 11° and respectively, then we have found 

4 : H°(5=^) — > W^^S"^) -.a^kb, rfs : R^S^) — > E%S^) : b ^ 0. (7.5) 

Therefore the kernel of ^3 consists of all elements in H^(S'^) while the image consists 
of those elements of H^(S'^) which are divisible by k. The fact that the image is a 
subset of the kernel was guaranteed by the nilpotency of d^. 

The twisted K-theory of S^, as a set, is just the quotient of the kernel of ^3 by its 
image. In particular there are no even classes in the kernel and so K^fj{S^) is trivial 
yo^os. Ker(4 : H— H"-^'^) 

^^^^ ^ " Im(rf3 : H°dd ^ H--) " " ^^'^^ 

On the other hand is nontrivial. The kernel of ^3 acting on the odd cohomology, 
in particular acting on H'^(5'^), is all of 11^(5*^) and so is a copy of the integers Z 
which contains the image kZ as a proper subgroup 

j^i .^3^ ^ Ker(4 : ^"^'^ ) ^ Ker(4 : ^ H^) ^ ^ ^ ^ 

' lm{d3 : H^™"^ — y E.°'^'^) lm{d3 : H° — > R^) kZ ^' ^ ' ^ 

These may be identified with the K-homology groups that classify D-branes via 
Poincare duahty 

K^{S^) = K]j{S^) = Zfc, Kf (5^) = K°h{S^) = 0- (7.8) 

The triviality of Kf^ agrees with the CFT expectation that there are no odd-dimensional 
branes. contains k elements which again is in agreement with the CFT result that 
the level k — 2 SU{2) WZW model contains k inequivalent D-brane embeddings. 

Physically the quotient by kZ corresponds to the fact that a D2-brane may sweep 
out the 3-sphere, and the cancellation of its Freed- Witten anomaly causes it to change 
the DO-brane charge by k units during this process. As a result DO charge is only con- 
served modulo k. These D2-branes are the MMS instantons described in Subsec. Ifi.ll 
The fact that one restricts to the kernel of ^3, thus eliminating all of H°, corresponds 
to the fact that all space-filling D-branes are FW anomalous since the integral of H 
over their worldvolumes is equal to k and not to zero. 
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7.2 The SU(3) WZW Model 



The twisted K-theory of the group manifold SU{3) was calculated in Ref. [?]. The 
authors used their result to classify conserved D-brane charges in type II string theory 
on M^'i X SU{3), where branes do not wrap the spatial M, so as to avoid the tad- 
poles resulting from D9-brane charge. Again their results were successfully compared 
against the CFT expectations, and against the expectation that consistent branes on 
a manifold of dimension 9 or less are precisely those whose Freed- Witten anomaly 
vanishes. Here we will sketch their calculation of the K-groups. 

We begin by reviewing the nontrivial homology and cohomology classes of the 
group manifold SU{3), which are identical to that of the similar manifold x 

Ho(Sf/(3)) ^ H\SU{3)) = Z, H3(5f/(3)) ^ H\SU{3)) = Z 
H5(^f/(3)) = H%SU{3)) = Z, H8(^f/(3)) = H\SU{3)) = Z. (7.9) 

Notice that again there are no torsion groups and so Sq"^ is trivial. Therefore is 
just the cup product with the H flux, which is k times the generator of when the 
WZW model is at level A; - 3. 

As increases the degree by 3, it may only be nontrivial on H*^ and H^, and in 
fact it is. Let be the generator of H*. Then the nontrivial actions of d^ are just 

d3:H°(53) — >E^{S^) -.x^ ^ kx^, ds-.B^S^) — > E\S^) : x^ ^ kx^ (7.10) 

while d^ annihilates x^ and x^. The second step in the AHSS is then the quotient 
of the kernel of ^3, consisting of © by its image, which is the sublattice of the 
kernel which is divisible by k 

El = 



Ker(rf3 








Z 


Im(c/3 : 


pjodd 






~ 'VL 


Ker(rf3 


■ — 


-> jj^^^'^) 




Z 


lm.{d^ : 






kYi^ 





T — /J . TTeven , TToddN 7_tt3 1^17 ('^'■^■^) 



The D-branes that have survived up to this point are Poincare dual to the third 
and eighth cohomology classes, identifying them as DO and D5-branes wrapping a 
point and a 5-cycle in SU(3) respectively. The nontrivial image of (^3 is the result of 
two MMS instantons, a D2-brane which violates DO charge and a baryonic D7-brane 
which violates D5 charge. The branes excluded because they are not in the kernel of 
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d-j, are the D3-brane wrapping the with Dl insertions and the D8-brane wrapping 
all of SU{?)) with k D6-brane insertions. The D6 insertions, for example, wrap the 
cycle N which is Poincare dual to and also extend along one time direction. 

Had we been considering the direct product of spheres x S"^, Eq. fl7.11|l would 
have already been the twisted K-theory. But SU(3) is somewhat different. The 5- 
manifold N is not spin'^, and so a brane wrapping this 5-manifold may suffer from a 
Freed- Witten anomaly. The nontrivial cohomology of the non-spin'^ 5-cycle N is 

R^{N) = Z, R^{N) = Z2, H^(A^) = Z. (7.12) 

As is not spin'^, W3 is the nontrivial class in H'^(A^). The pushforward of this 
class onto the cohomology of SU{3) is Z2-torsion, but there are no torsion classes 
in the cohomology of SU{3), which as we noted implies that Sq^ is zero. Therefore 
W3 is in the kernel of the pushforward that defines Sq^ and so does not affect ^3. 
However if W3 + if is nonzero then the brane is nonetheless anomalous and so does 
not carry a K-theory charge. Therefore it must fail to be in the kernel of a higher 
AHSS differential. As the only other odd spacing between cohomology classes is 5, 
anomalous branes must not be in the kernel of d^. 

We still have not yet commented on when W3 + H is nonzero. In Ref. [7] the 
authors found that 

W3 + H =l + keZ2 = B.%N) (7.13) 

and so the D5 is anomalous if and only if k is even. Therefore d^ is 2-torsion, and is 
nontrivial when k is even, which identifies it as 

, o 1 ^x^ if k is even , „ ,^ 

d^x^ = I ^ , d^x^ = 0. 7.14 

[ iffcisodd ^ ' 

While nontrivial actions of ^3 describe Dp-branes on which D(p — 2)-branes end, 
those of d^ describe Dp-branes on which D(p — 4)-branes end. In particular, when 
k is even, a baryonic D5-brane wrapping A^ has a FW anomaly which is canceled 
by k/2 Dl-brane insertions which each end at a point on each timeslice. Similarly, 
a D4-brane which sweeps out the 5-cycle absorbs k/2 DO-branes, and so DO-brane 
charge is conserved modulo k/2 and not modulo k as one would have suspected using 
only JUni). 

One may now calculate the twisted K-theory of SU{3) with k units of H flux. 
When k is odd, d^ is trivial and so as a set the K-groups are isomorphic to E2 

= K=k = ^k, Kf='= - K^^, = Zfc. (7.15) 
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On the other hand when k is even one needs to take the quotient of the kernel of 
(is in E2 by its image, kills every class in E2 and so the kernel includes all of 
E2 = l^k- On the other hand it only kills the odd classes in E2, and so its odd kernel 
is 2El = Zjt/2- The image does not contain any nonzero classes in E^, and contains, 
besides zero, only the single class 

^ e Zfc = E^2 (7.16) 

in E2, therefore one needs to quotient only by the Z2 subgroup of E2 generated by 
the element k/2. In all we have then found [7j 

^=,^ _ Ker(d5 : E^ E^) _ Zj, _ ^ 
-^^='= " Im(d5 : E'2 - E^2) " ^ " 

In particular there are k/2 topologically distinct even and also odd brane charges 
when k is even, whereas there are k even and k odd distinct charges when k is odd. 



8 Problems 

While the K-theory classifications of RR fields and D-branes has been reasonably 
successful, it suffers from several fundamental problems. 

8.1 K-theory vs Homology Revisited 

One of the easiest objections to make is that D-branes can wrap any homology cycle, 
and so D-branes can be classified by homology. D-branes wrapping homology cycles 
which are not in the kernels of some of the AHSS differentials will not carry K-theory 
charges, and so they will necessarily have anomalies which are canceled by the in- 
sertions of lower dimensional D-branes. These configurations, as we have frequently 
reiterated, are the baryons introduced by Witten in Ref . [iH] . They are not inconsis- 
tent if the inserted branes are not themselves anomalous j2E] and if the other end of 
the inserted branes can go to infinity or to a horizon or boundary. 

However for some practical purposes one may wish not to include baryonic branes, 
as they often have infinite energies. Upon Kaluza-Klein reduction they tend to cor- 
respond to particles which are confined, for example to 't Hooft-Polyakov monopoles 
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in an = 2 gauge theory whose supersymmetry is softly broken to = 1. Such 
monopoles may be confined by some number of vortices depending on the monopole 
charges and each of these vortices is the dimensional reduction of one of the 
inserted branes. An example in which the pattern of the confinement in = 1 
gauge theories can be read from relative homology has appeared in Ref. and this 
discussion is generalized in Ref. [201 ■ Thus the homology classification of branes cap- 
tures all brane charges, while the K-theory classification only captures the charges 
of nonbaryonic branes. Therefore the choice of classification depends on the physical 
question being asked. 

Not only are the branes which are not closed under the AHSS differentials legit- 
imate states, but the brane charges in the image are in a sense conserved. When 
a brane that carries a nontrivial homology charge but a trivial K-theory charge is 
destroyed by an AHSS instanton, the instanton leaves behind a RR field strength. 
This RR field strength in turn can be used to reconstruct the original brane charge. 
Thus, while the D-brane charge itself is not conserved, a combination of the brane 
charge and the fiux is conserved. Combining this with some information from the 
integrals of the RR connections one reproduces the fact that improved field strengths 
are precisely gauge invariant and so there are conserved charges valued in de Rham 
cohomology. Thus, for some questions of conserved charges, the answer is not twisted 
K-theory but rather de Rham cohomology. One arrives at twisted K-theory when one 
drops all information about RR fiuxes and tries to only classify the D-branes. 

Similarly one may argue that RR field strengths should be classified by cohomol- 
ogy. Improved fields strengths are gauge invariant and are classified by twisted d+HA 
de Rham cohomology. However one may also argue that unimproved field strengths 
should be classified by integral cohomology. Some integral cohomology classes do not 
lift to twisted K-theory classes, but the corresponding field strengths are not inconsis- 
tent, they merely correspond to configurations with RR charge. Thus, if one is willing 
to consider configurations with RR charges, then unimproved RR field strengths may 
assume any value in integral cohomology and not just those which lift to K-theory 
classes. 

Again one may ask whether RR field strengths which are exact under the AHSS 
differentials should be identified with zero. Such RR field strengths carry a K-theory 
charge which is equal to zero, as they can be shifted away by a large gauge transfor- 
mation. These large gauge transformations also add an integral cohomology class to 
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an RR gauge connection. Thus, just as the decay of K-theoretically trivial D-branes 
leads to an integral RR field strength, the decay of a K-theoretically trivial RR field 
strength leads to an integral RR gauge connection, for example 

dCp —^dCp-HU<l>, Cp_2 ^ Cp_2 + $ (8.1) 

as in Eq. While in the bulk such a shift, which is merely an integral shift of a 

Wilson loop, is unobservable, on the worldvolume of a D-brane it has a physical effect. 
The RR gauge connections couple to the worldvolume field strengths of D-branes, for 
example as a theta angle when the fiux is codimension four. An integral shift of the 
theta angle leaves the gauge theory invariant, but may shift the charges assigned to 
some of the objects in a given solution. Thus in some applications one may wish to 
distinguish between the different integral classes of connections and so between the 
different cohomology classes of RR field strengths which are identical as K-theory 
classes. 

Summarizing, D-branes are classified by both K-theory and by homology, and 
fiuxes are classified by both K-theory and cohomology. However for certain physical 
applications one classification scheme may be preferable to the other. For example, 
as we saw in Sec. d twisted K-theory reproduces the spectrum of boundary states in 
some CFTs. We will see in Subsec. 19. 21 that homology classes of D-branes classify the 
ranks of gauge groups in Klebanov-Strassler gauge theories whereas twisted K-theory 
classes classify the universality classes of the gauge theories. 

8.2 The Star Problem 

The RR field strengths of the democratic formulation of the type II supergravity are 
not independent. Instead they double count the degrees of freedom. This redundancy 
is killed by the star condition 

G = i.G (8.2) 

which relates the improved p-form field strength to the improved (10 — p)-form field 
strength. The operator ic is the Hodge star, which is a continuous function of the 
metric. In particular, the ratio between two dual components of G varies continuously 
with the metric and so is in general irrational. One may think that this poses no 
problem, as G is a differential form which is not closed and so cannot be quantized 
in the usual way. 
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To see that this is a problem, consider the special case in which the NS 3-form H 
vanishes 

H = 0, Gp+i = dCp. (8.3) 

The {p + l)-forms dCp are quantized, and so in this case Gp+i is quantized. This 
quantization is required for the D(p — l)-brane partition function to be well-defined, 
and in the K-theory perspective it is required because the ciC's are Chern characters, 
which are always rational. However the ratio of two components depends on the star 
and so is generically irrational, which is a contradiction. 

Physically this problem is solved by choosing a polarization, as is done in a similar 
context in Ref. jSlJ. That is, one must choose one independent set of half of the 
dC's, called a polarization, and quantize them, this is the largest set that can be 
simultaneously quantized. Then in the partition function one only sums over this 
half. Finally, one must check that the partition function would be the same given any 
other choice of polarization. For example, in QED on a compact spacetime one must 
choose between quantizing the electric and the magnetic field strengths, or perhaps 
some combination on various cycles, but it is impossible to quantize all of the fluxes 
on all of the cycles for a generic metric. 

While physically this appears to be the correct way to make sense of the theory, 
it is difficult to interpret in the K-theory context. If one interprets the dC^s as Chern 
characters, then only half of the Chern characters are well-defined. There appear to 
be three proposals for when such a choice can make sense. 

First, one may need to replace K-theory with some sort of quantized version 
of K-theory. The K-groups K°(M) and K^(M) are isomorphic to the set of maps 
[M — > X] from M to a space X called the classifying space of K° or K^ 

K°(M) = [M — > BU{oo)], K\M) = [M — > U{oo)]. (8.4) 

Chern characters are puUbacks of cohomology classes corresponding to the homotopy 
classes of the classifying space X using the map ()8.4|) from spacetime to the classi- 
fying space of K-theory. This is consistent with the fact that BU (oo) has nontrivial 
homotopy at all of the even degrees and U{oo) has nontrivial homotopy at all of the 
odd degrees 

7r2fc(5f/(oo)) = 7r2fc+i(f/(oo)) = Z, 7r2fc+i(5f/(cx))) = 7rfe([/(oo)) = (8.5) 

and correspondingly K° is characterized by even-degree Chern characters and K^ is 
characterized by odd degree Chern characters. 
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We want to choose a polarization, which means that only some of the Chern char- 
acters and so only some of the pullbacks may be well-defined. Only some of these 
puUbacks will be well-defined if, for example, one replaces these maps by sections of 
bundles in which the classifying space is nontrivially fibered over the spacetime. As 
no global section exists for a nontrivial fibration, one can only determine local sections 
over a submanifold of the base. The choice of submanifold may give a choice of polar- 
ization. However unfortunately while nontrivial U{oo) bundles over 10-dimensional 
manifolds always exist, BU {oo) bundles are not characterized by a 10-dimensional 
class, like ch^ for a U{oo) bundle, and so it is not clear what fibration to use. Thus 
it is easier to quantize than K°. 

A second way out is to consider a manifold in which there is a natural polarization 
which is the cohomology of a submanifold, and then to only consider the K-theory 
of the submanifold. In fact, we have already done this when we apphed K-theory to 
classify conserved D-brane charges. In this case our spacetime was R x M^. When 
one direction is R it need not be quantized, but if we only insist that a K-class is 
defined on we may even choose to replace R with so that spacetime is compact. 
In either case, we only quantized the fluxes on the compact M^, which were classified 
by the twisted K-theory of M^. This is a polarization of the cohomology and of the 
K-theory by the Kiinneth theorem 



which demonstrates that the cohomology (K-theory) of x is just two copies 
of the cohomology (K-theory) of M^, one in which the forms have a leg around the 
circle and one in which they do not. 

If the circle direction is considered to be time then the half of the classes with a 
leg on a circle are the electric fluxes and the other half are the magnetic fluxes. This 
analysis works equally well with the circle replaced by R as it was above, but then 
there is no Dirac quantization argument for the quantization of electric fluxes. In 
either case, however, it is consistent to quantize only the magnetic fluxes as we have 
done in the classification of conserved RR charges. Thus, when spacetime is of the 



KP{M^ X S^) 



Hf (M^ X S^) 



(M^) ® H°(5i) © W-\M^) ® R^S^) 
E.P{M^) ® Z © EP-\M^) (g) Z = EP{M^) © E.p-\M^) 

KP{M^) ® Z © KP-\M^) (8) Z = KP{M^) © KP-\M^) (8.6) 
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form X or X the star problem has a natural solution which allows one 
to continue to classify brane charges and magnetic RR field strengths as elements of 
the K-theory of . It is still unknown whether the topology of our universe is of 
such a form, if it began at a fixed time in a big bang then it is not. 

A third resolution to the star problem is to eliminate half of the Chern characters 
by replacing the classifying space of K-theory by something with less cohomology, in 
particular, which does not include the cohomology classes of the Chern characters to 
be eliminated. While the first resolution only worked for K^, this resolution only works 
for K°. The problem is that is classified by 5-classes c/15/2 which are interrelated 
by the Hodge duality, and so one cannot simply eliminate the cohomology class in 
the classifying space f/(oo) of whose pullback is 0/15/2, as one would lose all of the 
5-classes. Physically, such a solution would either annihilate all of the components 
of IIB supergravity's self-dual 5-form G5 or it would eliminate none of them, but it 
would not eliminate the one-half required for a polarization. 

For example, we may choose a polarization of type HA supergravity in which Gq, 
G2 and 6*4 are quantized and independent and Gg, and Gio are found by solving 
the star condition ()8.2|) . Recall that is the Chern character chp which is the 
pullback of the cohomology class of the generator 

iT2p{BU{oo)) = Z. (8.7) 

Therefore we need to replace BU {00), the classifying space of K", with a new space 
whose sixth, eighth and tenth homotopy groups are trivial. 

Rather than working with BU{oo), recall the fact that, by definition, BU{oo) is 
the classifying space not only of K° but also of f/(oo) bundles. The homotopy groups 
of the classifying space BP of P-principle bundles are related to the homotopy groups 
of the fiber P by the theorem 

7rfc(fiP) =7rfc_i(P) (8.8) 

therefore the classes of H2p{BU{oo)) = Z correspond to the classes 7r2p_i(f/(oo)) = 
Z. Thus to eliminate the sixth, eighth and tenth homotopy groups of BU {00) it 
suffices to remove the fifth, seventh and ninth homotopy groups of U{oo). This 
obviously drastically changes the Lie group t/(oo), and the resulting Lie group is not 
uniquely defined as, for example, the higher homotopy groups are invisible to the 
10- dimensional physics and so can apparently be chosen at will. 
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One particularly simple choice of truncation of U{oo) is LE^, the centrally ex- 
tended loop group of Es, this is affine Es at a level which we will identify with Go- 
The identification of the level with Go reproduces several Freed- Witten anomalies as 
topological obstructions to the existence of this bundle fSS^- Considering massless 
IIA, the Romans mass Gq is equal to zero and so the LE^ fiber is just the Cartesian 
product of the free loop group of Eg with U (1). The only nontrivial homotopy groups, 
up to dimension 14, of this fiber are 

Ti.iLEs) = MLEs) = MLEs) = Z. (8.9) 

At first this may seem too big. We wanted the homotopy groups to be subgroups 
of those of U{oo), but 7r2(f/(oo)) = and so we have also added a class. This 
new class will be characterized by a characteristic 3-class which in the mathematics 
literature is called the Dixmier-Douady class. In Ref. jlHI it was argued that this 
new class be identified with the H flux. Evidence came from the fact that, again, 
topological obstructions to the existence of the bundle reproduce known examples of 
Freed- Witten anomalies with this interpretation. Another suggestion that this new 
3-class is the H field comes from the fact that an LEg bundle over a ten-manifold M 
carries the same data as an Eg bundle over a circle bundle over the 10-manifold, that 
is to say, over the M-theory spacetime. An E^ bundle is characterized by a four class. 
If one considers the E^ bundle of |2Zl IS| then this four class is the M-theory 4-form 
and its dimensional reductions give the IIA 4-form RR field strength and 3-form NS 
field strength. In [10] it was argued that the characteristic 3-class of the LEs bundle 
is precisely the dimensional reduction of this M-theory 4-form, and so is indeed the 
NS 3-form. 

While the replacement of the classifying space of K° with LEg may appear far- 
fetched, it simultaneously achieves two objectives. First, it naturally chooses a po- 
larization and so solves the star problem in any background. This is an improvement 
over the second solution which required that every spatial slice of spacetime have the 
same topology. Secondly it naturally integrates the NS 3-form flux into the bundle 
framework, as it must be as IIA string theory admits 9-11 flips which interchange the 
H flux and the RR 4-form field strength dC^. As an added bonus, if one correctly 
identifies a gravitational correction to the relation between dC^ and the Pontrjagin 
class of the M-theory Eg bundle, it produces the correct topology of the Eg gauge 
bundles of the end of the world, as found from gravitational anomaly cancellation in 
Ref. |S2]. 



75 



8.3 S-duality Covariance 



We have seen that the star problem does not appear in several variations of the K- 
theory classification. However all mild variations of the K-theory classification suffer 
from a more fundamental problem. All schemes treat the NSNS H field as part of 
the background data in which one seeks to classify RR fields or charges. Indeed, the 
H flux in many ways resembles the topological data more than it resembles the RR 
fields. For example, the topology of spacetime is determined by the metric, which is 
also a NSNS field and it is mixed with the H field, for example, in the Seiberg-Witten 
map [SSI and also in T-duality as we will review in Subsec. 19.11 By contrast, RR 
fields mix among themselves under T-duality. 

While one can argue that morally the H field is or is not a part of the topological 
background data, in type IIB string theory the H flux and the RR field strength 
dC2 are related by S-duality and this S-duality leaves the topology of the spacetime 
invariant. Therefore, in a given background, dC2 and H must be classified identically. 
In Subsec. 19.21 we will argue that this means that one can, for example, fix dC2 as 
part of the background data and then classify the S-duals of the D-branes by twisted 
K-theory with twist equal to dC2- However none of these S-duals can be the correct 
classification, as every one of them gives a different consistency condition for the fields 
dC2 and H. 

The inconsistency of the K-theory classification and S-duality was demonstrated 
concretely in Ref. 0. Consider the twisted K-theory classification of RR field strengths 
An RR field strength lifts to K-theory if it is annihilated by d^, for example the 3- form 
field strength dC2 lifts if it satisfies 



Here we have used the fact that Sq^ squares three-classes. If dC2 does not satisfy 
Eq. (jS.lOp . it is still a consistent field configuration but the configuration will carry a 
D3-brane charge which is Poincare dual to d^{dC2)i in other words 



where PD is the Poincare dual. 

D3-brane charge is believed to be S-duality invariant. We will assume that even 
torsion D3-brane charges, like those in the image of Sq^, are S-duality invariant. The 



= d-i{dC2) = (Sq^ + HU)dC2 = dC2 UdC2 + HU dC2. 



(8.10) 



Qns = PB{dC2 UdC2 + HU dC2) 



(8.11) 
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authors of Ref. [HI then performed the S-duahty transformation 

dC2 — > dC2, H — >H + dC2 (8.12) 

under which the D3-charge ()8.11|) becomes 

Qd^ = FB{dC2 UdC2 + HU dC2 + dC2 U rfCs) = FD{HU dCi) (8.13) 

where we have used the fact that dC2 U dC2 is Z2 torsion, as is the cup product of 
any odd degree class with itself. Notice that the charges ()8.1H) and ()8.13|) in general 
do not agree, unless one imposes that dC2 U dC2 = which would correspond to 
imposing that and H must vanish independently on any D-brane worldvolume, 
a conjecture which has not been supported by the analysis of worldsheet anomalies 
in ^3]. Therefore the K-theory classification, which rests upon ()8.1ip . appears to be 
inconsistent with S-duality. 

We can see this inconsistency in the language of MMS instantons by noting that 
NS5-branes may also form, sweep out a cycle and decay. In type IIB S-duality guar- 
antees that NS5-branes will also be subject to a Freed- Witten anomaly 

QD^ = W:, + dC2 (8.14) 

which will be canceled by the insertion of Qd?, D3-branes. However in the derivation 
of the K-theory classification from the AHSS we have only considered D-brane MMS 
instantons. If one also includes NS5-brane MMS instantons one needs to further 
quotient the group of D3-brane charges by those charges which may be created or 
destroyed by NS5-brane MMS instantons. 

Given that the twisted K-theory classification of RR fields and S-duality appear 
to conflict, there are several directions to proceed. Perhaps the easiest is to claim that 
S-duality simply is not understood for torsion fields and so we should not worry about 
it. A second approach is to abandon the K-theory classification and replace K-theory 
with a different generalized cohomology theory. This avenue has been explored in 
Refs. jnni inni inn inn inni Uni in which the authors instead use eUiptic cohomology. 

However it may be that even this is not radical enough. When we consider both 
the H flux and the RR fields to be independent fields, the equations of motion that 
describe them, even in the supergravity limit, are nonlinear. This is in contrast 
to the case in which the H flux is fixed in which case the equations for the RR 
field are linear and so the solutions form a linear space and so naturally have the 
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structure of an abelian group. The solutions of a nonlinear set of equations do not 
obviously form a group. In the case of type IIB string theory on the conifold for 
example, one finds that pairs {H, dC2) are classified, when they are both nonzero, 
by the semigroup of natural numbers which are the greatest common divisors of the 
three-classes, although perhaps if one motivates a choice of sign for these elements 
one may conclude that pairs are classified by the integers, which do form an abelian 
group. In general no argument has been presented that the combined set of NSNS 
and RR fields, subjected to the equations of motion for all of the fields and quotiented 
by all of the gauge symmetries, should have any additive structure. 

The bundle framework discussed in the previous subsection provides a natural 
approach to finding topological classification schemes which naturally include both 
NSNS and RR fields and, unlike generalized cohomology theories do not impose that 
there exist a group structure. As we will see in Subsec. 19.11 the formalism already 
knows about T-duality, the dual circle is in the fiber itself. Thus it may be applied to 
type IIB at least in the case of backgrounds which are T-dual to type IIA backgrounds, 
although the bundle one arrives at in type IIB depends not just on the background, 
as in IIA, but also on the choice of circle to be T-dualized. 

While no one knows what mathematical object classifies all NSNS and RR fields 
that solve all equations of motion quotiented by gauge invariances, the S-duality 
covariant generalization of Eq. ()8.11|) was guessed in Ref. [B] and proven in Ref. [211 
using the Freed- Witten anomaly. The D3-brane charge is in general given by 

Qd^ = FD{dC2 UdC2 + HUdC2 + HUH + P) (8.15) 

where P is independent of dC2 and H and is S-duality invariant. Therefore if one 
finds P for any value of {dC2-, H) then one can use Eq. ()8.15|1 to find the D3-brane 
charge for every value of {dC2,H). Setting the D3-charge to zero one finds the S- 
duality covariant twisted K-theory condition on the 3-classes. Partial results on the 
value of the 6-class P were presented in Ref. [HI]. Analogous conditions for the other 
RR field strengths are still lacking. 

9 Applications 

Despite its shortcomings, the K-theory classification has had several applications 
in different areas of string theory. For example it has been used to identify inconsis- 
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tencies in string models that satisfy the usual tadpole cancellation conditions but in 
which certain probes suffer from global anomalies in their worldvolume gauge theories 
\<r)'2\ . In these lectures we will mention two applications of the K-theory classification 
scheme. In Subsec. 19.11 we will describe how an isomorphism of twisted K-groups 
known as Takai duality led to a conjectured solution to the age old problem of finding 
a formula for the topology of a T-dual manifold given the original topology and H 
flux. Then in Subsec. 19.21 we will describe how an S-dual of the twisted K-theory 
classification classifies universality classes of cascading gauge theories. We will see 
that the homology classes of branes which lift to the same K-theory class correspond 
to different steps in the same cascade. 

9.1 T-duality 

When the H flux is topologically trivial, in other words when it represents the zero 
cohomology class, one can globally define the NS B field. If the compactification 
10-manifold is topologically the product of a circle with a 9-manifold then, given the 
metric and B field, one can use the Buscher rules [HS] to calculate the metric and B 
field of the compactification manifold which is T-dual with respect to the aforemen- 
tioned circle. Using this prescription the topologies of the original compactification 
and the dual compactification are always identical. 

It has been known for more than a decade that if instead the compactifica- 
tion 10-manifold is a nontrivial circle fibration over a 9-manifold then in general the 
topology of the dual manifold is different from that of the original manifold. Over 
the years many examples of topology changing T-dualities have been found, see for 
example Ref. jHS]- However the dual topology was often found through a somewhat 
laborious technique involving the exact metric and sometimes consistency conditions 
which may admit more than one unique solution. In the case of Calabi-Yau compacti- 
fications, for example, the metric is often unavailable and so no method of computing 
the topology of the T-dual manifold was known. 

The twisted K-theory classification led to a conjectured formula for the topology 
and also the H fiux of a T-dual manifold which, computationally, is far easier than 
early approaches even in the examples in which those approaches are feasible. Recall 
that magnetic fiuxes on a timeslice are classified by K^ in IIB, while in IIA they are 
classified by K°. Similarly in IIB D-brane charges on a timeslice and also D-brane 
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trajectories in spacetime are classified by K while they are classified by K in IIA. 
Type IIA and IIB compactifications are T-dual, and T-duality exchanges branes in 
IIA with branes in IIB and fiuxes in IIA with fluxes in IIB. Therefore one may hope 
that T-duality exchanges K° and K^. 

More concretely, if one begins with a compactification on M with NS 3-form fiux 
H and the T-dual manifold is M with NS 3-form fiux H then one expects 

K%{M) = K^M), K^(M) = K\{M). (9.1) 

Thus the question of finding the T-dual compactification data (M, H) is reduced to 
the problem of finding a solution to Eq. ()9.1|1 . 

In the language of algebraic K-theory a solution to Eq. ()9.H1 . in the case in which 
M is a circle bundle over X, was provided nearly 20 years ago in Ref. [001 ■ Recall that 
the topology of the total space M of a circle bundle M — > X is completely classified 
by the topology of X and a 2-class 

Ci(M) e H2(X;Z) (9.2) 

called the Chern class of the circle bundle. Recasting the results of Ref. [HEj in the 
language of topology, one finds that if M is a circle bundle over X with Chern class 
ci(M) then Eq. 1)9.11) is solved by an M which is a circle bundle over the same base 
X but with Chern class Ci (M) and NS 3-form fiux H satisfying 

Ci(M) = / H, c,{M) = I H. (9.3) 

Here and are the circle fibers of M and M respectively. 

We have used the language of differential forms to write the relation between the 
NS fiuxes and Chern characters as an integral, but in terms of integral cohomology 
the map from H to ci(M) and H to ci(M) is the pushforward vr* using the projection 
map TT of the respective circle bundle. To completely specify the dual H fiux one must 
also specify that T-duality leaves invariant any H fiux which is in the image of the 
puUback n* with respect to it. Intuitively, this means that H fiux which is completely 
supported on X is unchanged by T-duality, instead T-duality merely exchanges the 
component of the H fiux which has two legs along X and one along with fiber with 
a Chern class which has those same two legs along X. 

In Ref. inil the authors conjectured that the solution (M, H) of Eq. ()9.3|) is the 
T-dual compactification to {M,H). They showed that this conjecture reproduces all 
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of the topology changing T-duahties that they knew of in the hterature and locally 
reproduces the Buscher rules. 

While the formula ()9.3|1 is a success of the K-theory classification, it also follows 
from the competing Eg classification. In this case the solution is manifestly unique, 
whereas in the K-theory case it is not known whether there are in some cases distinct 
solutions to Eq. ()9.H) . Recall that in the scheme one interprets the NS H flux as 
the degree 3 characteristic class of an LEg fibration. Using a construction reviewed 
in Ref. j^, the data of a G bundle over a circle bundle over X is equivalent to the 
data of an LG bundle over X, where LG is the trivially centrally extended based loop 
group of G. In what follows we will need to use the theorem 

' \ 7rp(G) © 7rp+i(G) © Z if p = 1 ^ ' 

which allows one to construct the homotopy groups of LG from those of G. 

Consider type IIA on the 10-manifold which is a circle bundle over X^. Then 
the data of the LE^ bundle over is captured precisely by the date of an LLEg 
bundle over X^. Using Eqs. ()8.9p and ()9.4|) one can now find the homotopy groups 
of LLEs 

7ii{LLEs) = Z^ n2{LLEs) = ti^{LLEs) = Z. (9.5) 

The fact that the fundamental group of LLEg is dimension three means that the fiber 
contains three circles. The first two are the M-theory and type IIA circles which have 
been compactified. The third descends from n^lEs) = Z in the E^ fibration over the 
M-theory spacetime. 

In Ref. jHni it was conjectured that this third circle is the T-dual type IIB circle, 
and that the first two form the F-theory torus. This third circle is the dimensional 
reduction of the class 7T2{LEs) = Z, whose characteristic class was the NS 3-form H. 
Therefore the characteristic class of the third circle, which is the Chern class Ci(M) 
of the IIB circle bundle, is just the dimensional reduction of H on the IIA circle 



ci(M) = / H (9.6) 
in accordance with the conjecture ()9.3|) . 
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9.2 The Klebanov-Strassler Cascade 



In the previous subsection we saw that the K-theory classification led to the solution of 
an old problem. In this subsection we will describe a more mild success of the K-theory 
classification, we will argue that K-theory, twisted this time by the RR 3-form field 
strength dC2, classifies universality classes of a class of cascading SU {N+M) x SU (N) 
gauge theories with a fixed step size M. In this section we will be using the S-dual 
of the usual K-theory classification in which one classifies F-strings, D3-branes and 
NS5-branes. The action of S-duality on higher branes and D-instantons is still a 
matter of debate in the literature and we will fortunately not need these branes in 
this example. 

We have seen that homology groups are much larger than K-groups. In particular 
multiple homology classes correspond to the same K-class. We will now see that each 
of the homology classes corresponding to a single K-class describes one particular 
step in the cascade, and gives the ranks of the worldvolume gauge bundles at that 
step. In the S-duality covariant K-theory one needs to classify not only D-branes but 
also their duals. Now we are already using the S-dual of the ordinary K-theory, so in 
our case the S-duality covariant twisted K-theory is augmented by adding D-strings 
and D5-branes. The number of D5-branes will be equal to the step size M, and so 
the S-duality covariant twisted K-theory will also classify M and so will classify all 
of universality classes of all of the theories of this type. 

In the mathematics literature the word conifold is used to describe any space which 
is a continuous manifold everywhere except for isolated ordinary regular double point 
singularities, which are locally the 2n — 2 real-dimensional solutions of the complex 
equation 

n 

E^' = (9.7) 

i=l 

in C". We will instead refer to the conifold, which in the physics literature has come 
to mean the 6- manifold which is the solution of Eq. ()9.7|) in C^. Topologically the 
conifold is a cone over the product S"^ x S"^. 

String theory on the conifold crossed with M^'^ was first considered in Ref. |67] . 
They found that a stack of D3-branes at the tip of the cone are described by 
a particular = 1 supersymmetric gauge theory with gauge group U{N) x U{N) 
with charged chiral multiplets and a given superpotential. They were interested 
in the IR fixed point of the theory, in which the U{1) factors decouple leaving an 
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SU{N) X SU{N) conformal theory. 

Later in Ref. |68jj it was discovered that one can engineer the gauge group SU {N + 
M) X SU{N) by adding M D5-branes wrapped around the 2-cycle in the S'^ x 5^. 
The normal bundle to this S"^ is nontrivial and as a result the statistics of some of 
the worldvolume fields change [H^. As in pj, this nontrivial normal bundle couples 
D5-branes to the lower dimensional RR field C4 so that the D5-brane carries one half 
of a Dirac unit of D3-brane charge. This gravitational charge also couples to the 
fundamental string worldsheet, and so it is often considered to be a part of the B 
field. 

The half-integrality of the D3 charge does not violate Dirac's quantization argu- 
ment, which ordinarily implies that D3-brane charge quantization is required for the 
well-definedness of the partition function of another D3-brane whose trajectory is de- 
formed over an linking the original D3. Dirac's argument fails because the linking 
D3 would need to pass through the D5, at which point there would be a Hanany- 
Witten transition [TOj creating a Dl-brane. The contribution of this Dl-brane to the 
partition function renders it well-defined. In general Dirac's quantization condition 
does not apply straightforwardly to branes that are dissolved in other branes. 

In Ref. 1^ the authors discovered that in a particular geometry, corresponding 
to the baryonic branch of the gauge theory, the gauge group SU{N + M) x SU (N) 
becomes strongly coupled in the infrared and admits a dual weakly coupled description 
with gauge group SU{N) x SU{N — M). This duality is similar to Seiberg duality, 
which would occur if the SU{N) symmetry were not gauged. In their geometry the 
SU (N) X SU (N—M) gauge theory is also at its baryonic root, and so at weak coupling 
there is an effective gauge group SU {N — M) x SU {N — 2M). This process continues 
until is less than M. They named this series of Seiberg dualities the cascade. 

The one-half unit of D3-brane charge will not be essential in what follows. The 
important feature of the M D5-branes will be that, by Gauss' Law, if 5''^ is a 3-sphere 
linking all of the D5's then 



This means that the S-dual twisted K-theory, which we recall classifies fundamental 
strings, D3-branes and NS5-branes, is twisted by M units. 

This argument is a bit too fast. These lectures have been about smooth manifolds, 
and now we are considering a compactification with a singularity. We have not defined 




(9.8) 
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K-theory on singular spaces and in fact inequivalent definitions exist. In this example 
we are saved by the fact that the singularity can be eliminated in two different ways, 
each of which has little effect on the geometry far from the singularity. First, it may 
be blown up, which topologically means that the singularity is replaced by an S*^ 
which is homotopic to the 5*^ in the base, intuitively only the collapses and the 
space is nonsingular. The second possibility is that the singularity may be deformed. 
Algebraically this may be done by replacing the defining equation ()9.7j) with 

n 

1=1 

for some constant deformation parameter C,- In this case the singularity is replaced 
by a 3-sphere which is homotopic to the 3-sphere on the base and again the space 
becomes nonsingular. Locality imposes that the physics far away from the singularity 
does not know whether or in which way the singularity was eliminated, and so when 
considering distant physics, like the K-theory of the base, one can often consider 
whichever smoothing is more convenient. We want a third co homology class on which 
there is dC2 flux and so we will consider the deformed conifold. 

On the deformed conifold the S"^ is contractible. This means that the D5-branes 
may shrink to points, but they can never completely decay as they carry D3-brane 
charge. The fact that we have chosen the deformed conifold cannot affect the physics 
far away, and so in particular ()9.8p still implies that the 3-form RR field strength is 
topologically nontrivial, and is the element M in the third cohomology group with 
compact support of the deformed conifold, which is Z. 

The cohomology with compact support of the deformed conifold consists of only 
two nontrivial classes 

H3 = Z, H^ = Z (9.10) 

which are Poincare dual to a brane wrapping the and to pointlike branes respec- 
tively. The D3-branes are charged under the later, as are the M half D3-branes. 
We are interested in the S-dual of the K-theory classification, which we have stressed 
classifies only Fl's, D3's and NS5's. This means that we will only try to classify the 
D3-branes and not the half D3-branes, which are really D5-branes. Thus cohomology 
classifies the number of D3-branes, which is the same number A^ that appears in 
the rank of the gauge group SU {N + M) x SU {N). 

The cohomology group = Z classifies a different charge, that of branes wrap- 
ping the 3-sphere. However this 3-sphere has nontrivial dC2 flux ()9.8|) which couples 
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to the D3-brane worldvolume via, for example, the term 



CD3^C2^B. (9.11) 

This implies that C2 flux carries fundamental string charge, and so dC2 is the endpoint 
of a fundamental string. In this case the presence of M units of dC2 implies that the 
D3-brane is a baryon on which M fundamental strings end, in line with the S-dual 
Freed- Witten anomaly. In the K-theory classiflcation one does not assign a charge to 
baryonic conflgurations, and so these branes will not carry K-theory charges. 

One can now calculate the twisted K-theory of the deformed conifold by applying 
the AHSS with twist dC2 to the cohomology ()9.10j) . The conifold itself is both spin 
and spin'^ and the S'^ is also spin'^ and so the Sq^ term is equal to zero. Also there is 
no spacing between cohomology groups of more than 3, and so one only need consider 
the differential 

dz = dC2U:x^ ^ Mx^ (9.12) 

where and are the generators of and respectively. The twisted K-theory is 
then the quotient of kernel of ^3, which is = Z, by its image, which is MH^ = MZ. 
This yields 



_ Ker(c/3 : ff™^ — > W^'^) _ Z _ ^ _ 



where K^j^/a vanishes because no elements of the odd cohomology are in the kernel of 
4. 

The group ^dC2 ^ elements, of which the Jth is the lift of all of the cohomol- 
ogy classes corresponding to numbers of D3-branes which are equal to J modulo 
M. In other words, the element J of K-theory corresponds to all of the gauge theories 
with gauge groups 

SU{J + {K +l)M) X SU{J + KM). (9.14) 

The gauge groups ()9.14|) are the set of gauge groups in a given cascade. Thus K^j-,^ 
parametrizes the possible cascades with step size M, or equivalent the endpoints of 
the cascade, which are the universality classes of the gauge theory when one restricts 
attention to the baryonic root vacua. 
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